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1 Introduction

The process eTe™ — 3 jets is of particular interest for the extraction of the strong cou-

pling az. Observables related to three-jet events are well suited for this task because the

leading term in a perturbative calculation of three-jet observables is already proportional

to the strong coupling. An accurate and precise extraction of a, from the experimental



measured observables requires also a precise theoretical prediction for these observables.
Infrared-safe observables can be computed in perturbation theory and higher precision is
obtained by including the next-higher term in the perturbative series. Infrared-safe ob-
servables related to ete™ — 3 jets have in the past been calculated at leading-order (LO)
and next-to-leading order (NLO) [1-6] in QCD. The NLO electro-weak corrections have
been calculated recently in [7]. This paper reports on the next-to-next-to-leading order
(NNLO) QCD calculation for eTe™ — 3 jets. This is a highly non-trivial calculation which
triggered research in many directions. The relevant tree-, one- and two-loop-amplitudes
have been calculated in refs. [5, 8-19]. For the computation of the two-loop amplitudes
new integration techniques have been developed [20-23] together with numerical routines
for the evaluation of polylogarithms [24-26], which occur in the integral functions. The
inclusion of the third term of the perturbative expansion into a numerical program, which
allows the calculation of an arbitrary infrared-safe three-jet observable is very challenging.
Most of the complications are related to infrared singularities, which occur in intermediate
steps. Methods to handle these singularities at NNLO have been discussed in refs. [27-44],
generalising ideas from NLO [5, 45-51]. Unlike other processes like eTe™ — 2 jets, pp — H
or Drell-Yan, which have been calculated previously to next-to-next-to-leading order [52—
68] and which involve only two hard coloured partons, the process eTe™ — 3 jets is the
first process calculated at NNLO with three hard coloured partons.

Here new complications related to soft gluons occur. This paper documents the singu-
larity structure of ete™ — 3 jets and gives a detailed discussion of the singularities related
to soft gluons. Another group published results on the infrared structure of ete™ — 3 jets
at NNLO earlier on in [69], but omitted certain subtraction terms related to soft gluons.
In the calculation presented here the methods used are in many parts similar to the ones
used in [69] and it should be mentioned that the authors of [69] made major contributions
to the development of these methods [33-37]. The purpose of this paper is to present a
complete set of subtraction terms for the process ete™ — 3 jets. Meanwhile the other
group has added the missing subtraction terms in the colour factors N2 and NY.

In general the subtraction terms are not unique, since arbitrary finite terms can be
added to them. There are a few minor points, where the subtraction terms of this paper
differ from the corrected subtraction terms of ref. [69]. First of all, ref. [69] introduces
“dipole” subtraction terms by dividing a three-parton antenna into two dipoles. The sub-
traction terms in this paper are based entirely on complete antennas. Secondly, ref. [69]
symmetrises in the quark momenta, thus eliminating contributions anti-symmetric in the
quark momenta. In this paper I give subtraction terms which approximate the double-real
emission contribution in all singular limits without the need for symmetrisation in the quark
momenta. Thirdly, ref. [69] uses in the colour factor NyN. in the NLO subtraction terms
for a collinear quark pair always an antenna with a gluon as spectator. As a consequence
no soft subtraction term is needed with this choice. In this paper the NLO subtraction
terms are the canonical ones, obtained from the colour flow of the amplitudes. In this case
a soft subtraction term occurs also in the colour factor NyN,.. In general the occurrence
of soft subtraction terms is related to the specific choice of the NLO subtraction terms.
In this work the subtraction terms are developed from the starting point, that the NLO



subtraction terms are given by the canonical choice. A second possibility, which completely
avoids soft subtraction terms, is to modify the NLO subtraction terms appropriately. This
possibility has been discussed recently in ref. [70].

The subtraction terms used in this work are based on spin-averaged antenna functions.
Therefore they do not capture phase-space singularities associated to spin-correlations and
are therefore not local subtraction terms. These remaining singularities are rather mild and
treated by a slicing procedure. Therefore the complete treatment of all infrared singularities
for the process eTe™ — 3 jets is based on a hybrid method of subtraction and slicing.

This paper is necessarily rather technical. It was written for the following reason:
Understanding the infrared singularity structure of the process eTe™ — 3 jets at NNLO
is not only relevant to three-jet observables in electron-positron annihilation, but to all
processes with three or more hard partons, if calculated at NNLO. The knowledge of the
singularity structure allows the construction of appropriate subtraction terms and I give a
full account of the subtraction terms used in the numerical program “Mercutio2” [71, 72].
Numerical results for jet rates and event shapes related to the process ete™ — 3 jets have
been presented in [69, 71, 73—-75]. The numerical results from the program “Mercutio2”
are presented in a companion paper [76].

This paper is organised as follows: section 2 introduces the notation and recalls the
most important facts of the relevant amplitudes. Section 3 discusses the general features
of the method used to handle the infrared divergences. The explicit subtraction terms are
given in section 4. Section 5 shows explicitly the cancellation of all singularities. Section 6
contains a summary and the conclusions. In appendix A an alternative form for the soft
subtraction term is given. Appendix B lists the explicit forms of the various terms in the
singular limits.

2 Notation and conventions

2.1 Cross sections and amplitudes

The master formula to calculate an observable at an collider with no initial-state hadrons
(e.g. an electron-positron collider) is given by

Gy — 1 1 1 () 2
O = R® @R T (2J2+1)Zn:/d¢"0”] (e copmoindz) D A, @21)

helicity

where ¢ and g are the momenta of the initial-state particles, 2K (s) = 2s is the flux factor
and 5 = (q1 + ¢2)? is the center-of-mass energy squared. Kinematical invariants will be
denoted by

sij = i +1;)°, sk = (pi+pj+pp)°, ete. (2.2)

The factors 1/(2J1+1) and 1/(2J2+1) correspond to an averaging over the initial helicities.
d¢y, 1s the invariant phase space measure for n final state particles and OSL] )(pl, ey Py 1, 92)
is the observable, evaluated with a configuration depending on n final state partons and two

initial state particles. The index j indicates that the leading order contribution depends



on j final-state partons. The observable has to be infrared safe, in particular this implies

that in single and double unresolved limits we must have

Ogll(pl, ey Pnt1,q1,92) — Ogj)(p/l, . Py g1, qh)  for single unresolved limits,

Ofle(pl, ey Pnt2,q1,92) — Ogj)(p/l, Py q1,qh)  for double unresolved limits. (2.3)

A, is the amplitude with n final-state partons. At NNLO we need the following perturba-
tive expansions of the amplitudes:

Al =AD" A+ (ADTAD + ADTAD) 4 (ADAD + ADTAD + ADAD),
0 *
[Apaa|? = “41(1+)1 A(H + <“41(1+)1 An+1 + An+1 An+1)
sl = AL AL, (24)

Here .A,(f) denotes an amplitude with n final-state partons and [ loops. We rewrite the
master formula eq. (2.1) symbolically as

(OW)y Z / oY) do, (2.5)

and the LO, NLO and NNLO contribution as

(0N /(9 () do0),
NLO /On+1 n+1+/0 dO'(l
<O(])>NNLO /On+2 n+2+/0n+1 n+1 +/O(] dU(Q (26)

The LO, NLO and NNLO contributions may be decomposed into gauge-invariant colour
pieces. For the process eTe™ — 3 jets the colour decomposition reads

(OO = 2 (N2~ 1) (0O)2
(OBNLO _ % (N2 1) [NC<O(3)>{XLO + NyO®YNEO 4 Nic<@(3)>écho]
(OW)NNEO % (N2 —1) [N3<O(3)>11XNLO + (O®)NNEO 4 NLCQ(O(?’%\Q]CVLO
exoOo 4 Nigmymo | owye] e

where N, denotes the number of colours and Ny the number of light quark flavours. I use

the following normalisation for the colour matrices:
1
Tr T°T? = 55@’7. (2.8)

The factors 1/2, 1/4 and 1/8 in eq. (2.7) are a consequence of this normalisation. In
addition to the terms shown in eq. (2.7), there are in the colour decomposition singlet



NZ[NY [ N2 NN, | Ng/N. | N?
Aé?%;q"élg%gq X X X X x <
Aévf%;qu%gq X X X < x <
Afl?;;qu‘(lgggq X | X X X X _
Aﬁ(logz 'q’ q‘Aé(llc)m "q'q - X X X X X
A ?6)1;9911"4(?11999(1 X X X - - _
Aé?%;’gq’qAé?c)ﬁ’gq’q - X X X X _

Table 1. Contributions at NNLO of the various amplitudes to the individual colour factors.

contributions, which arise from interference terms of amplitudes, where the electro-weak
boson couples to two different fermion lines. These singlet contributions are expected to

be numerically small [18, 77, 78] and neglected in the present calculation.

The computation of the NNLO correction for the process ete™ — 3 jets requires
the knowledge of the amplitudes for the three-parton final state ete™ — ggg up to two-
loops [18, 19], the amplitudes of the four-parton final states ete™ — Gggg and eTe™ —
qq7'q' up to one-loop [13-16] and the five-parton final states e™e™ — ggggg and ete™ —
797 q g at tree level [8, 9, 79]. The one-loop amplitude ete™ — ggg enters only the NNLO
term as a quark singlet contribution and is therefore neglected. I will label the momenta
of the particles of the amplitudes as follows:

AP (0,1,2
A4qggq(o 1,2,3

+
- 3ng(QO7gl7q27e3 764)

4
4 qggq(q07gl7927 g3, 64 , €5 )7

@
"45@999!1(0 1,2,3,4

A(l)

5,44'94'q

)
)
l
Al(lzlq(Jq(O 1 2 3) = 4qqqq(q07q17q27q37e476;),
) = 5q999q<Q07917927937Q47€5 ed),
) =

(0 1 2 3 4 5qq 9q’ q(QOaQ15925q3aq4ae5 aeg) (29)

The ordering of the external particles follows the conventions of [80]. I use the convention
that all particle momenta are outgoing. Therefore e; in eq. (2.9) corresponds to an outgoing
electron with momentum p;, or equivalently to an incoming positron with momentum —p;.
Not all amplitudes contribute to all colour factors. Table 1 shows the contributions at
NNLO to the individual colour factors.

2.2 Colour decomposition of the amplitudes

For the discussion of intermediate results it is useful to have the colour decomposition of
all the relevant amplitudes. We start with the amplitudes for the three-parton final state
ete™ — gqg. The colour structure of the tree amplitude, the one-loop amplitude and the



two-loop amplitude is

A;(J,O)(%,917Q2) = e%gcp (T1)20 A:(%O)(Qo791, q2),

Qg _

Az(}l)((107gl7QQ) = 62900 (Tl)QO (2_> Ai(’)l)(q07glaq2)7

2 @) -
> A3 (40, 91, 92)- (2.10)

Qs

.A( )(QO7917QQ) = e%gey (T1)20 (2

Here, e denotes the electro-magnetic coupling, g the strong coupling and as usual we set

a = e%/(4r) and as = ¢g%/(47). ¢ denotes a factor from the electro-magnetic coupling:

co = —Q1+vvTPy(s), Pz(s) = i . (2.11)

s — m2Z +il'ymy

The electron — positron pair can either annihilate into a photon or a Z-boson. The first
term in the expression for ¢y corresponds to an intermediate photon, whereas the last term
corresponds to a Z-boson. The left- and right-handed couplings of the Z-boson to fermions
are given by

¥ I?{ — Q7 sin® Oy f —Q sin Oy
VL= 7 ! » VR =
sin Oy cos Oy cos Oy

(2.12)

where Q7 and I ?{ are the charge and the third component of the weak isospin of the fermion.
If the anti-quark gp in eq. (2.10) has colour index jo, the quark g2 has colour index iy and
the gluon g1 has colour index a1, we abbreviate the notation for the colour matrix by

(T")yy = T2 . (2.13)

270"

The one-loop amplitude Agl) has the colour decomposition
W _ Ne @ f
“43 - 7“43710 + —“43 se "4 nf + "43 vee T "43 ax” (2'14)

‘Ai(’j\)fec and .A3 .x Tepresent contributions, where the electro-weak gauge boson couples to
a closed fermion loop with a vector or axial-vector coupling, respectively. Due to Furry’s
theorem (i.e. charge conjugation) the amplitudes .A3 veec Vanish. Furthermore, since the
u, d, s, ¢ quark masses may be neglected only the ¢, b quark pair survives an isodoublet

cancellation in the fermion loop and contributes to Ag;x. Explicit results for the amplitude

.Agl) can be found in refs. [5, 14]. The two-loop amplitude .Agz) has the colour decomposition

(@) _ LN Nf Nf
A3 A3 lc A3 ,8C + 4N2 A3 SSC A3 nf A3 nfsc A3 nfnf
2)
+ ‘AB vec,lc + A3 ax,lc + 'A3 ,vec sc AN, i(’),ax,sc' (215)
c

“4(2) “43 vec,sc’ "4

3 vec I and .A3 ax,sc represent again contributions, where the electro-

3,ax,lc
weak gauge boson Couples to a closed fermion loop with a vector or axial-vector coupling.
These contributions are expected to be small and neglected in the present analysis. Explicit

results for the amplitude Ag) can be found in refs. [18, 19].



We now turn to the colour decomposition of the amplitudes of the four-parton final
states. We first consider the decomposition of the amplitudes for the sub-process ete™ —
qqgg. The colour decomposition of the Born amplitude is

0), - 0), - 0),
AP (G0, 91, 92, 43) = €2g%co [(Tle)30 AP (G0, 91,92, 03) + (T'T?) 5, Al )(QO7927917(]3)] :
(2.16)
The one-loop amplitude is first decomposed into partial amplitudes

Vs (6%
'Al(l )(qo’glyg% C]3) = 629200 (2_;)

[Nc <(T2T1)30A$i(670, 91,92, 93) + (T1T2)30A$£((YO,92,91, Q3))

1 1
+§512530A$?))((?0,91,92, q3) + <(T2T1)30 + (T'T?)30 — ﬁ512530> Agec(%,gl,gz, q3)

Cc

1
IN,

1
2N,

+ ((T2T1)30 - 512530) Az(jé)Lax(qm 91,92, Q3)

1
+ ((T1T2)30 - 512530) Aﬂ,ax(%,gmgh%) + 5125301482,ax(QO,917927613)]-

2N,
(2.17)

In this formula the one-loop leading-colour partial amplitude is denoted by AS{ and AS%

denotes a sub-leading-colour contribution. The partial amplitudes AS\)@C, Aflli ax and Afllg] axc
represent the contributions from a photon or Z coupling to a fermion loop through a
vector or axial-vector coupling. These contributions are small and neglected in the further

analysis. The partial amplitude AL(H may be further decomposed:

1), -
Ai%(QOagthan}) =

1) - Ny _ 1 a .
AL (@0, 91,92, 33) + F’:Aif,nf(qoyghgz, q3) + mAivi,SC(qmghgz, q3). (2.18)
(&

Explicit results for the amplitude Agtl)(cjo, 91,92, q3) can be found in ref. [14].

We now consider the colour decomposition of the amplitudes for the four-parton final
state ggq'q’. The colour decomposition of the tree amplitude reads

1 1
A4(10) ((107 Qi7 qéa q3) - 6292 {5 <531520 - F530521> XA(10) (QO7 Qi7 qéa q3)

1 1
_5ﬂav§ (530521 — ﬁ531520> tho) (@, qo, fé&s)} ,

Xz(l(]) (CYO, (ji’ qéa C_IB) = 60(3)"41(10) ((j(]’ (jia C.éa Q3) + 00(2)A4(10(qlla CYO, qs, qé) (219)

Here ¢y(q) denotes the electro-weak coupling for quark ¢. The decomposition of the one-



loop amplitude is

N, 1, N,
AP (G0, @0 g a3) = X (@0, @ by 43) — Saae xS (@) G0, Gy 43),

0, as\ 1 1), _ N,
(@, @1 db a3) = €24 (2—;> 3 <Nc531520X4(1,i(QO,Cfp(é,%) + 530521)(4(1,%(‘10,‘1&,‘1&’%)

1
+ (531520 - F530521> XS&X(%, @ QQ,Q3)> )

C

)

1 1, - 1), —
X @0, @ dbs a3) = co(3)AL (G0, @1 db, 45) + o)A (@1, Go, a3, 0b).
1 1, - 1), —
X32(@0. @1 dbr a3) = co(3)ALY (G0, @1 dh, 45) + co(2) AT Go, a3, ab). (2:20)

(1)

4,ax

The function y, /. arises from a fermion triangle graph with an axial coupling of the Z and

is neglected in the further analysis. The partial amplitudes Agj% and Az(lg can be further
decomposed according to

Aﬁff(fi T, 45, q3) =

Nf 1 1 1
EA() np (@05 01,42, 83) + 375 5 AN (G0, T b, 43),

C

N,
Az(l,i,lc(QmQLQQ, q3) +

1 _ N 1 1 1
Ai%,lc(qo,qhqé,qs) +FfA() nf (@0, 01 82, 43) + 753 AL (@0, @t dhoas). (221
c

C

Explicit results for the amplitude Agtl)(cjo, q4, 45, q3) can be found in ref. [13].

Finally let us discuss the colour decomposition of the amplitudes related to the five-
parton final state. The colour decomposition of the tree-level amplitude for eTe™ — gqggg
is

AP (Go, 1. 92, 93, 41) =
(T3T2T1)40Aé0)(@07 91,92, 93, qa) + (T2T3T1)40Aéo) (@0, 91, 93, 92, 44)
HIT3T) 40 AL (@0, 92, 93, 91 00) + (T T T a0 AL (@0, 92, 91, 95, 44)
H(I2TT?) 10 AL (G0, 93, 91, 92, 04) + (T T T*) 00 AL (@0, 93, 92, 91, 00). (2.22)

Explicit results for the amplitude Aéo) (o, 91,92, 93,q4) can be found in ref. [8, 79].

The colour structure of the tree-level amplitude for eTe™ — gqq'q’g is given by

0/~ - 1 o 1 o
Aé )(Qanl17QQaQ§57Q4) - 5540T321D1(q07qI17927qé7Q4) + 5531T30D2(QO7qa7927Qé7Q4) (223)

1 B 1 o
—5541T320D3(QO, a1, 92,95, q1) — 5530T421D4(QO, q1. 92, q5, q4)-



The functions D;(qGo, ¢}, 92, g3, g4) can be further decomposed according to
Di(q0, 015925 43, 44) = co(4)B1(qo; @15 92, 45, 44) + co(3) Ba(q1, Qo 92, 44, 45) (2.24)
1 o o
+5ﬂavﬁ (00(4)33((137 q0, 92, q;/% Q4) + 00(3)34((107 qi7 92,44, Qé)) )
C

Ds(qo, @1, 92, 45, q1) = co(4)B2(Q0: @1+ 92, 43, 94) + ¢o(3)B1(q1s 0+ 92, 41, 43)

1 o _
+5ﬂavﬁ (00(4)34((137(]07927%7(]4) + 00(3)B3(q07qi7927 q47qé)) )
c
o 1 1 o
D3(qo, @15 92, 435 94) = co(4 ) B3(qo, 41, 92, 43, 44) +00(3)FB4((13,¢IO,92,(14,Q§,)
c c
+5ﬂav (CO 4)B ((737(707927(]{),7(]4) + 00(3)32((707(737927(‘747(‘7&)) )
o 1 1 o
Dy(qo, @1, 92, 43, 44) = co(4 )N Bu(qo, 71592, 45, 1) +00(3)FB3((13,¢IO,92,(14,QQ)
c c

+0av (co(4)B2(qy, 4o, 92, 43: q1) + co(3)B1(Go, @1- 92: G4, 43)) -
Explicit results for the amplitude Aéo) (G0, @, 92, G5, q4) can be found in ref. 8, 79].

2.3 Ultraviolet renormalisation of loop amplitudes

The loop amplitudes have explicit divergences. It is common practise to regulate these
divergences by dimensional regularisation. The origin of these divergences are either related
to ultraviolet or to infrared singularities. I first discuss ultraviolet divergences. These
are removed by redefining the parameters of the theory. For the QCD corrections to
the process ete™ — 3 jets with massless quarks it is sufficient to renormalise the strong
coupling constant. In the MS scheme the relation between the bare coupling o and the
renormalised coupling a(u?) evaluated at the renormalisation scale u? reads:

2
ap = a,S7 % [1 bo <;‘;) + (f—; - %) @_;)2 + 0(@2)} : (2.25)

where
S = (4m)fe e (2.26)

is the typical phase-space volume factor in D = 4 — 2¢ dimensions, g is Euler’s constant,
and By and (1 are the first two coeflicients of the QCD [-function:

11 4 34 20
Bo = ECA — gTRNf, B = 3031 — ECATRNf — 4CpTRNy, (2.27)
with the colour factors

N2 -1

Ca=N,, Cp= ON,

Tp = (2.28)

1
5
Let the expansion in the strong coupling of the unrenormalised amplitude be

n— ~ A 2 A
Ap bare = (dmag) 2 [A(O’ + (@> AD 4 (@> AP L o). (2.29)

n,bare 2t n,bare It n,bare



Then, the renormalised two-loop amplitude can be expressed as

— R N 2 .
Apren = (dm0,) "7 (S742) ™ Q[A,S?zen+(%)Ag{%en+(§—;) Aﬁ?,%enw(oci’)}

(2.30)
The relations between the renormalised and the bare amplitudes are given by

7 (0 7(0)
An,z"en - n,bare’

1 Bo ;
-/451 2‘ = S 1M26An ,bare ( ) An ,bare’

. -2
'An%z - S_Q 4E'An Jbare H@S ! 28"411 bare (n16 ) <n 26&?2 Bl) 'An ,bare” (231)

2.4 Infrared structure of loop amplitudes

Let us now turn to the infrared singularities of loop amplitudes. The infrared pole structure
of loop amplitudes in the dimensional regularisation parameter ¢ is well understood [81—
85] and can be stated explicitly for one- and two-loop amplitudes. If we regard a loop
amplitude as a vector in colour space, then the infrared poles of the loop amplitude can
be expressed through an operator acting on this vector in colour space. We start with the

one-loop amplitude, which can be written as

AD = 10 () 4@ 4 4 W) (2.32)

n,fin"

Here 1M () contains all infrared double and single poles in 1/¢ and Agén is a finite re-
mainder. At two-loops, the corresponding formula reads:

AP = IO EAD + 10 () AD + AT, (233

The one-loop insertion operator IV is given by

2\ €
IW(e) = %ﬁeEWEZ%Vi(a)ZTiTj (“—) , (2.34)

i i#i i
where
1 1
Vi(e) = Ti = +7i—, (2.35)
€ €
and the coefficients T? and ~; are
3 Bo
Tg=T;=Cr, Tg=Ca v=7%=5;Cr 7%="7 (2.36)

In general, the colour operators T;T; give rise to colour correlations. However, the colour
structure for the Born amplitude e™e™ — @qg is rather trivial and the colour operators are

in this case proportional to the identity matrix in colour space:

1
T, T, A = TRFA(O), T, T,AY = T,T,AY = —7pN AV (2.37)

,10,



The two-loop insertion operator has the form

1?(e) = —%I(l)(s) <I<1>(e) + %) + e”EH <§2 + K> 1M (2e) + H®, (2.38)

where

67 w2 10
K= (X_"T)o,- 27N 2.39
(18 6) AT g TRAS (2.39)

The operator H® is process- and scheme-dependent and for ete™ — qqg, it is given
by [17, 86]

1

o 1
HOAY = Tr=o°

1
el (g@ L g@ o g@) 40
8(H +HP + H )A , (2.40)

where HéQ) = Hg) and

7 11 409 72 41 3 72 3\ 1
H? — [l - =424 2 ) N2 (e — _2 2 )=
g <4<3 7T+864> C+< %~ 96 108>+< 2%t g 32>N3
N2 -1
N
( 216> N,

11 5 2 89 N 5
H — 2 2 N2 (2 Y NN, - L 2 N2 2.41
g ( T )t T T 1 TR (2.41)

3 Cancellation of infrared divergences

3.1 Singular behaviour in phase space

QCD amplitudes become singular in phase space, when the momenta of one or more exter-
nal particles become degenerate. In perturbative calculations this phenomen occurs first
in next-to-leading order calculations and is related to the term dafﬁzl. Singularities occur
if either two particles become collinear or if one particle becomes soft. The factorisation
properties are most conveniently discussed through decomposing QCD amplitudes into
primitive amplitudes, as it was done in section 2.2. Primitive amplitudes are defined by a
fixed cyclic ordering of the QCD partons, a definite routing of the external fermion lines
through the diagram and the particle content circulating in the loop. In the soft limit one

has the factorisation
. 0 (0
lim Aill(- s DisDjs Dy - --) = Elk;(», )(pz‘,pppk)ASlO)(- s DisDks - ), (3.1)

where the eikonal factor is given by

: 2pi - (pj)  2pk - €(p;
Eiky (pi, pj i) = — o) _ (bi) (3:2)
Sij Sik
The square of the eikonal factor is given by
+.(0 * e (0 Sik
> Bk (i, pr) Bk (pipj, o) = A—2—. (3.3)
Sijsjk

Aj
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Soft singularities lead to colour correlations among the primitive amplitudes Aj,
In the collinear limit one has the factorisation

A;O_)H(. s DiyPjy ) = Z Splitgo)(pi,pj) Ago)(. cey D). (3.4)
A

where p; and p; are the momenta of two adjacent legs and the sum is over all polarisations.
Squaring the splitting amplitudes one obtains

PO O = S ulp,A) Splied” (pipg)” Splits” (pi, p) alp, V),

A
P?fogluon AN Z Splitgo) (pi, pj) Splitgo) (pisp;) €°(p, \). (3.5)
YOV

P(O)()\, )') is a tensor in spin space. Collinear singularities lead therefore to correlations in
spin space. The spin-averaged splitting functions are obtained by

< ,quark - § :P ,quark

0y _ ; j20
<P3,gluon> - 2(1 _ E) ; 3gluon()‘ )‘) (36)
One-loop amplitudes factorise in single unresolved limits (i.e. soft or collinear limits) as [28,

87-92]
lim A(l_)H = Z (Singgo) AL 4 Singgl) . A,(TO)) . (3.7)

In the soft limit, the sum involves only one term, whereas in the collinear limit the sum is
over the polarisations of the intermediate parton. As in the previous case, the sum over the
polarisations leads to correlations in spin space. The one-loop splitting amplitudes have a
decomposition into primitive splitting amplitudes:

N 1
Singgl) = Singgjl)C + FfSinggif + WSing(l) . (3.8)

3,s¢

The one-loop splitting amplitudes have an ultraviolet divergence and are renormalised
according to

Singl)u, = S 0% Singl ), 2]6\7 SIngl ) e (3.9)

where 2 is the renormalisation scale. At NNLO we have to consider in addition double
unresolved limits related to the term dag]JZQ. Generic double unresolved limits are the
double soft limit, the soft-collinear limit and the triple collinear limit. Tree amplitudes

factorise in the double unresolved limits as [27, 93-98]
lim AP, = Sing{” - AP (3.10)

In the double soft limit the sum involves only one term, while in the soft-collinear limit and
in the triple collinear limit the sum is over the polarisations of the intermediate parton.
Again, the sum over the polarisations leads to correlations in spin space. The double
unresolved limit of two collinear pairs factorises in a product of two splitting functions.
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3.2 The subtraction method

The individual contributions on the r.h.s. of eq. (2.6) to (OUW)YNLO and (OU)NNLO 4re
in general infrared divergent, only the sum is finite. However, these contributions live
on different phase spaces, which prevents a naive Monte Carlo integration approach. To
render the individual contributions finite, one adds and subtracts suitable chosen terms.
The NLO contribution is given by

(OUYNLO /(Og}rl dgﬂl —0Wo da1(10,1)) +/<(’),(j) do() + 04 o dOé?(lO,l)) . (3.11)

The notation (’),(f ) o da(o Uis a reminder, that in general the approximation is a sum of
terms

O o dal) =Y " 0¥ (3.12)

and the mapping used to relate the n + 1 parton configuration to a n parton configuration
differs in general for each summand.
In a similar way, the NNLO contribution is written as

(O(j)>NNLO = / (01(122 d‘ﬂ(mo+)2 Og}rl © daggrll) - 01(3‘) °© da20,2)>

+/ ((’)7(3;3_1 do (—l)—l + O(])l o da(o 1) (’)7(3) o da&”)

+ / (09) o + 09 0 a0 + O 0 dafi) (3.13)

da,(g’rll) is the NLO subtraction term for (n + 1)-parton configurations, da(o ? and dozg’l)

are generic NNLO subtraction terms. It is convenient to rewrite these terms for a process
like ete™ — 3 jets as

dOé(O’2) _ dadouble + daalmost + daSOft - daiterated
n n n n n ?
L1) _ g1 duct Imost ft iterated
da% ) = doyy P + dab MY — dapy ™ — dad) + dog, (3.14)
Each term has an interpretation. daSIflrglle is the NLO subtraction term for (n + 1)-jet

observables, containing only three parton tree-level antenna functions. At NNLO there are

several new subtraction terms required, each of them with a specific structure. The term

dad°mPle contains the four-parton tree-level antenna functions. The term da!°°P contains

three-parton one-loop antenna functions together with tree-level matrix elements and three-
parton tree-level antenna functions together with one-loop matrix elements. The remaining

1terated’ daalmost’ daproduct and dasoft

terms do all contain a product of two three-parton tree-

level antenna functions. In da'®®™®d and da®™°st one antenna function has five-parton
kinematics, while the other antenna has four-parton kinematics. The former subtraction

(0)

single ' while the latter approximates do, |5 in almost colour-

term is an approximation to do

correlated double unresolved configurations. Almost colour-correlated double unresolved
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i i { j
J J
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k k l
k k l
single unresolved one-loop unresolved double unresolved

Figure 1. The basic antenna functions occurring in an NNLO calculation: The three parton
tree-level antenna function X3 (left), the three parton one-loop antenna function X3 (middle) and
the four-parton tree-level antenna functions XJ (right).

configurations correspond to two three-parton tree-level antenna functions sharing one
common hard radiator. In daP™u¢t hoth antennas have four-parton kinematics. The term

do approximates soft gluon singularities. The decomposition of eq. (3.14) applies to

the process eTe™ — 3 jets. For processes with more than three hard partons one has
in addition products of three-parton tree-level antenna functions corresponding to colour

disconnected contributions.

3.3 Antenna functions

For the subtraction terms we need functions which interpolate between the various singular
limits, such that each limit is exactly approximated once and not over-subtracted. A
possibility are antenna functions [27, 28, 33-38, 53, 99]. I will largely follow the notation
of ref. [37]. In a few smaller points the notation differs and this paragraph defines the
notation used in this article for the antenna functions. The small modifications simplify
the presentation of the subtraction terms. Generically the unintegrated antenna functions
are denoted by

X9(i,5,k), X3i(i,5,k), X3(i,4,k,1), (3.15)

where X?? denotes a three-parton tree-level antenna function, X§ denotes a three-parton
one-loop antenna function and XJ denotes a four-parton tree-level antenna function. A
pictorial representation for these basic antenna functions is shown in figure 1. At NNLO
we also have iterations of the three-parton tree-level antenna functions. For three hard
coloured partons the two generic cases shown in figure 2 occur. They are labelled ’colour-
connected’ and 'almost colour-connected’. For four or more hard partons also colour dis-
connected configurations occur. These are rather trivial and not shown in figure 2.

Letters from the beginning of the alphabet are used to denote specific antenna functions:

A(iq, jg kg), A3(iqdg. kq) © @+ T — ¢ + 95 + G
3(Zq7jg7k ), D%(qujgv 9) 1 G+ 95— ¢+ g+ Gk
B3 (igs Jgs k) E3(igyigrkq) © @+ 9p — @i + 45 + G
F(ig,Jg kg), Fy(igdg k) 1 0; + g — 9i + 95 + 9k
Gg(lgdq’ kz), G%(lgdqa A %Gt~ gi T4t G (3.16)
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i J
k k
I

colour connected

~

k k
m l
m

almost colour connected

Figure 2. At NNLO also the iteration of the three parton tree-level antenna functions X§ occur.

The relevant four-parton antenna functions are

Al(ig, dg kg lg) :
iq, Jg> kg, lg
iq, Jg, kg, lg
iqy JgrKgslg
igy Jqs kg, lg

4
i
D4

0
0
E4

i )
( ) :
( ):
( )

A subscript
portional to the number of light flavours Ny.

¢+ 4 — ¢+ 9; + gkt a,
G+ — i+ 4+ Q.+ a,
¢G+4qG— ¢+q +at+a,
4G+ 97— 4 +9; + 9+ 91,
G +9i— ¢ +q; +a+ g

(3.17)

“s¢” or “nf” is used to indicate contributions sub-leading in colour or pro-
(In ref. [37] a tilde and a hat are used to

denote these contributions.) The leading colour one-loop three-parton antenna function is

denoted with a subscript “lc”.

subscript is used for the contribution leading in colour.

antenna functions we therefore have

Ay 10(ig, Jg, kg),
D?%,lc(itp Jgr k
E3.(ig, jq- kq), E
Filc(ig,jg, 9)
a)

For the four-parton tree-level antenna functions no extra

For the three-parton one-loop

ASnf(anJgak’) Azls,sc(iqajgaké),
), D (2q7]g7k )s
(lanqak’) Eé,sc(iq’jq’ké),
) F3nf(297397k ),

Gé,lc(ig’]q’ ’ G3 nf(zg’]q’k ) G3 sc(lga]qakf)- (3'18)
We denote by X:} the combination
N
X% = X%,lc + FJCCX?},nf N2 X3 sc* (319)

The minus sign in the sub-leading colour term is convention. For the four-parton tree-level

antenna functions we have

Ag(iqngv kg? ltj)? Ag,s

Eg(iq’j(b kQa lg), E

,15,

c(iqngkaJQ)v
sc(ithq, kg’ l(Y)

(3.20)



The arguments of the antenna function Eﬁ?,sc(i(I? Jg: kg, lg) are labelled according to the
singularity structure. The four-parton tree-level antenna functions BY, C and DY have
only one colour contribution. I will assume that the antenna functions are already ordered.
Therefore the antenna functions contain only singularities corresponding to the order of the
arguments. In particular the first and the last argument of the ordered antenna functions
indicate the hard partons. This is the major difference with the notation of ref. [37]. This
concerns the three-parton antenna functions

Dé(iq7jg7kg)7 Fé(iwjg?kg)? I=1,2 (3.21)
and the four-parton antenna functions
Ag,sc(imjg?kg?lé)? Dg(iq7jg7kg7lg)= Eg(iqajqakt?alg)- (3-22)
We have the relations
(Db dgs k) + Dig: kg da))

<F?l>(ig’jg, kg) + Fé(]ga kga ig) + F?{(kg’ ig’jg)) ) (323)

1 L. -
D3,unordered (Zq’ Jgs kg) -

WM =

l . . o
F3,unordered (Zg’ Jgs kg) -
as well as

Ag,sc,unordered (iq7 jQ’ kg’ ZQ) - (Agl],sc(im j97 kg’ llj) + Ag,sc(ifb kg’ jQ’ ZQ)) ’

— DN =

Dg,unordered(i%jé)’k97l9) = Z (Dg(iq7j97k97l9) + Dg(quQ?kg?jg) + Dg(imjg?lg?kg)

+D2(ZQ7 lgajga kg)) 9
Eg,unordered (iq’ jQ’ k@’ lg) = Eé(l],qqqg(iq’ jQ’ k@’ lg) + Eé(l],ngq(iq’ lg’ jQ’ k@)' (3'24)

The integrated antenna functions are denoted by a calligraphic letter, the generic ones are
X (sijn), - Xy (sije), Xi (sijma)- (3.25)
The integrated antenna functions are related to the unintegrated antenna functions by
Xp=S"1pE > / dunres X4, Xf = S72u* / dunres X (3.26)
orderings orderings

Each antenna is given as a product of a prefactor P or P, a symmetry factor S, a colour
factor C' and a kinematical factor K or :

X =PSCK, X =PSCK. (3.27)
The prefactors are given for the unintegrated antenna functions by

8ma, for X??
P = { 8ma, (%), for X3 (3.28)
(8mag)”, for XY



A DY B9 B0 GI[Al DI Bl BT GL]AT BY 0 DU Y
1 1 1 1 1 1
S 2 1oz L 2 Lo L 3 2
C 1 L1 Ik 1 o1 e 11

Table 2. The symmetry and colour factors for the antenna functions.

For the integrated antenna functions the prefactor is given by

%, for &Y
P = (?)z, for X} (3.29)

(%)7, for XY
The symmetry and colour factors are equal for the unintegrated and integrated antenna
functions and are given in table 2. The normalisation of the kinematical factors K and
K agrees with the antenna functions listed in ref. [37]. The introduction of the symmetry
factor ensures for example that the antenna functions A9, Dy and FY or A and DY have

the same soft singularities. As an example I list here the ggg-antenna function in the
integrated and unintegrated form:

A(ig, jg, kig) = 8o <2M+(1—s)ﬁ+(1—a)‘ﬁ— 5),

Sijk SijSjk Sij Sjk
05y = Qe (Sm) {1 3 19 T
A3(s3) = — <M2> [52 + 5 + 1 13" + O(e). (3.30)

The one-loop three-parton antenna functions X§ (4,7, k) are ultraviolet divergent and need
to be renormalised. I will assume that these functions are all renormalised at a scale pu.

The relation between the renormalised and bare one-loop three-parton antenna functions
is given by

_ Bo
K%,ren = Sz—: 1N2€K§,bare - 4_€K??,bare? (3'31)

and an identical relation holds between lCéren and K1, .. It is also useful to know the

infrared poles of the one-loop antenna functions. They are given by
3055 k) [ 1p_potes = {Ag(%k) — D5(sij) — N¢&3 (sij) — DS (s5x) — NyE (1)
1 . .
~N2 [AS(sijk) — A3(sir)] }Ag(w, k)

C

)
IR —Poles

D3(1,5,F)|jr_pojes = {2Dg(5ijk) + 2N E9 (siji) — D3 (si5) — NyES(sij) — DY (sin)

—NE(sik) — TS (sjn) — 2Nfg§(5jk)}D§(i,j, k‘)‘

IR—Poles ’
E3(i, 5, k)| (R pojes = {QDg(Sijk) + 2NE (siji) — A3(sij) — A3(sik)
L o 0/: -
e As(sie) o Es(i 7, k) : (3.32)
c IR—Poles
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3.4 Phase space mappings

The antenna functions in the subtraction terms are accompanied by amplitudes and ob-
servable functions, which are evaluated with configurations where one or more partons
have been removed. The momenta of these reduced configurations are related by a map
of momenta to the original configuration. The momentum map has to satisfy momentum
conservation and the on-shell conditions. We first consider the case where a single particle
is removed. Let (p;,p;,pr) be a set of momenta corresponding to an antenna, such that
particle j is emitted by the antenna formed by particles 7 and k and denote the mapped
momenta of the reduced configuration by (p;, pr). There are several possibilities to relate
the mapped momenta (p;,pr) to the original momenta (p;,pj,pr). One such possibility
is [99]:

5= (14 p)siji — 2T5jkpi S (1 —2 p)Sijk — 278;j

(siji = sij)

2(sijk — Sjk)
_ (1 —=p)sijr —2(1 —7)sjg (1+p)sijr — 2(1 —7)s;

Pk

Pk = pi+ (1 —7)p; + P, (3.33
2(8ijk — Sik) i )p; 2(sijk — Si5) (3.33)
where
Sijsjk Sjk
= J1+4r(l—pr)222E = E 3.34
g \/ ( )Sijksik Sij + Sjk (3.34)

This choice interpolates smoothly between the singular limits p;||p; and pj||py. Setting
however r = 1 yields the Catani-Seymour choice [48]

) 50 ) Siin

Pi =pi+Dpj — ——Dky Pk = Dk, (3.35)

Sijk — Sij Sijk — Sij
which can be used in the p;||p; limit, but not in the p;||py limit. This mapping is symmetric
in (7,7). On the other hand, setting r = 0 yields
Sijk . Sjk

Pi = ———Di, Pk = — Di + Dj + Dks (3.36)
Sijk = Sjk Sijk — Sjk

the Catani-Seymour mapping for the opposite case, which can be used in the p;||pj limit,
but not in the p;||p; limit. This mapping is symmetric in (j, k). For the three-parton an-
tenna functions, which have singularities in p;||p; and p;||px we use the mapping eq. (3.33).
This concerns the antenna functions

Aé(ifbjgakQ)a Dé(ilbjgakg)? F?{(igajgakg)' (337)

The antenna functions Eg and Gg have on the other hand only singularities for p;||ps
and are symmetric in (j, k). We therefore use the mapping eq. (3.36), which respects the

symmetry in (j, k) for the antenna functions

Eil’)(iq’jq’k(Y)a Gé(iganakQ)' (338)

For the double unresolved subtraction terms we have to relate four momenta (p;, p;, pr, 1)
to two hard momenta (p;,p;). The 4 — 2 mapping can be realised through two 3 — 2
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mappings. There are two possibilities for four-parton antennas with an ordered singularity
structure. The first possibility is to combine first (p;,p;,pr) into (p;,Pr) and then to

combine (p;, pr, pi) into (i, pu):

(pis pjs P 21) — (Pis P, p1) — (Dir P1)- (3.39)
The second possibility is to combine first (p;,px,p;) into (p;,p;) and then to combine
(pi> bj, 1) into (pi, pr):

(pis pjs P 21) — (Pis By, P1) — (i, Pu)- (3.40)
As a criteria which mapping should be used we take that the smallest antenna should be

recombined first. As a measure for the smallness of an antenna X}(i,j, k) we take the
product

Sijsjk- (341)

In the limit where these invariants are small this quantity is proportional to the transverse
momentum of the emitted particle j. For the order (i, j, k,1) we therefore compare s;;s;
with s;isk, or equivalently s;; with sg;. If s;; is smaller, one uses eq. (3.39), if on the
other hand sg; is smaller one uses eq. (3.40). This procedure is used in combination with
eq. (3.33) for the antenna functions

Aj a(iq, Jgs kgy lg), Ag,sc(iq,jg’kg’l(i)’ D} 1(ig, Jg: kg, lg)- (3.42)
For the antenna functions
Bi(ig,dg karla),  Ciligrdarkala)s B4 gqqq(igr oy K lg)- (3.43)
we use eq. (3.35) or eq. (3.36) for the first mapping. For the antenna function
Eé(l],sc(iQ’ jqa kg’ lé) (3-44)

we always map (7, k, 1) first with eq. (3.33) followed by a mapping (p;, pj, ;) with eq. (3.36).
For the antenna function

Eg,ngq(iq’jg’ kg lq) (3.45)

we map in the case s;; < sy first (4, j, k) with eq. (3.33) followed by a map (p;, P, p;) with
eq. (3.36). In the case s;; > sy the momenta (j, k,1) are mapped first with eq. (3.36) fol-
lowed by a map (p;, p;,pi) with eq. (3.33). These mappings basically follow the singularity
structure of the antenna functions.

A final remark on the notation for the arguments of the amplitudes: The particles in
an amplitude are usually labelled by consecutive numbers. We have denoted the mapped
momenta with a tilde, keeping the original numbering untouched. The mapped event
has one or two partons less and leaves therefore a gap in the consecutive numbering.
It is convenient to restore the consecutive numbering by relabelling all particles in the
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event. The momenta after this relabelling will be denoted with a prime. As an example

(0)

consider the five-parton amplitude A5’qgggq(p0,p1,p2,p3,p4) together with the mapping

(p1,p2,p3) — (P1,p3). This yields

Af;ggq(z?mﬁhﬁs,m) (3.46)
which will be denoted by
AL oa (P D1 P 15)- (3.47)
Therefore
po=po,  Pr=DP1, Ph=p3,  Py=Dps (3.48)

The subtraction terms to the amplitude Aé(,](%q/ 9’ q(po, P1,D2,P3,P4) proportional to Eg corre-
spond to a g — ¢q splitting and we obtain as the reduced amplitude Afg 997" By convention
we place the merged gluon immediately after the anti-quarks, if the spectator was an anti-
quark. We place the merged gluon immediately before the quarks, if the spectator was a
quark. Therefore for E9(0,1,3) we have

AL s agq (P PR D P5) = Algoq(Po. B, b2, pa). (3.49)

while for E9(4,3,1) we have

0 0 .
AL D, 0 D) = ALY (Do, D2, B, Ba).- (3.50)
3.5 The hybrid method of subtraction and slicing

Let us recall eq. (3.13) for the subtraction method at NNLO: The NNLO contribution is
written as

<O(3)>NNLO — <O(3)>éVNLO + <O(3)>51VNLO + <O(3)>éVNLO, (3.51)
with
(O@)NNLO / (05 4o + O 0 daf® + OF 0 daf""),
(OB)NNLO _ / (05{9’) ol + 0P 6 4@V — 0 dagl,n),
(OBHNNLO — / <0§3> dol” — 0P 0 da™M — OV o da§0’2)> : (3.52)

The strongest conditions, which we can put on the form of the subtraction terms, are as
follows:

(1) The explicit poles in the dimensional regularisation parameter € of the three-parton
contribution <O(3)>é\7 NLO cancel for each point of the three-particle phase space.

(2a) The explicit poles in the dimensional regularisation parameter € of the four-parton
contribution <O(3)>fl\7 NLO cancel for each point of the four-particle phase space.
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NNLO
4

(2b) The phase space singularities of the four-parton contribution (O®)) cancel

point-by-point in the four-particle phase space.

<O(3)>éVNLO

(3) The phase space singularities of the five-parton contribution cancel point-

by-point in the five-particle phase space.

Due to spin-correlations in the collinear limit the spin-averaged antenna function do not
lead to a point-by-point cancellation of the phase space singularities. Therefore we have to
relax the requirements on the subtraction terms. In addition we relax also the requirement
on the cancellation of the explicit poles in the four-particle phase space. In a hybrid scheme
of subtraction and slicing the last three items above are replaced by

(2a’) The explicit poles in the dimensional regularisation parameter ¢ of the four-parton
contribution (OG))NNLO cancel after integration over unresolved phase spaces for
each point of the resolved phase space.

NNLO
4

(2b’) The phase space singularities of the four-parton contribution (O®)) cancel

after azimuthal averaging has been performed.

NNLO

(3") The phase space singularities of the five-parton contribution (O®)) 5 cancel after

azimuthal averaging has been performed.

The azimuthal average is not performed in the Monte Carlo integration. Instead a slic-
ing parameter 7 is introduced to regulate the phase space singularities related to spin-
dependent terms. It is important to note that in this scheme no numerically large contri-
butions proportional to a power of Iny are cancelled between (OG))NVNLO (OB)HNNLO op
(OBNNNLO Fach contribution itself is independent of 7 in the limit 1 — 0.

Let me discuss the cancellation of the explicit poles in the four-particle phase space

(item 2a’) in more detail: We consider contributions of the form

2
/ 305" | AL [ / Abunres,ijh X5 (0 3, K) D V5 (i 3,k .ﬂ : (3:53)

The functions V9 (i, j, k,...) contain the explicit poles in the dimensional regularisation
parameter €. The dots indicate that these functions may depend on partons other than
partons i, j or k. Item 2a’ states that we do not require that the explicit poles cancel
point by point in the four-parton phase space, which is given by d¢s = dgzddunres,iji-
Instead we only require that these poles vanish after integration over the unresolved phase-
space d@unres,ijk- Lhis is sufficient to ensure that the expression in the square bracket is
finite and the integration over the three-parton phase space d¢s can be performed in four
dimensions. The observable Oi(,’g) and the matrix element |Ag0) | can also be evaluated in
four dimensions.

Now we can distinguish two important cases. In the first case the expression in the
square bracket vanishes after integration over the D-dimensional unresolved phase space
d@unres,ijk to all order in . This case is relevant for the subtraction terms in the main part

of this paper. Obviously, since the square bracket vanishes to all orders in € we have in
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particular that the term of order € vanishes. Therefore we do not obtain any finite terms

in this case.

In the second case only the pole terms vanish after integration over the D-dimensional
unresolved phase space dunres ijk- I this case eq. (3.53) will lead to finite terms. This case
is discussed in appendix A and only relevant to the alternative subtraction terms presented
there.

4 The subtraction terms

4.1 The tree-level single unresolved subtraction terms

We first give the NLO subtraction terms da?ngle and daiingle. The first one gives the com-
plete subtraction term for the NLO coefficient, the second one enters the NNLO coefficient.
We have

ingl 1[N,
dago00 = 5 {7 [D3(0,1,2) + DJ(0,2, 1) + D§(3,1,2) + DJ(3,2,1)] (4.1)
_ 0 0 |
[43(0,1,3) + A5(0,2,3)] o |Ay”| dou,
2N,
ing] 1 Nyp—1\ N,
403 gg' g = {(rr =) 5 [B9(0,1,2) + B§(1,0,3) + F§(2.3,0) + E(3,2,1)]
LNe 1o 0 0 0 OIK
+757 [BS(0,1,3) + B§(1,0,2) + B§(3,2,0) + E§(2,3,1)] { o | AL [ d.

The amplitude Ago) is evaluated with momenta obtained from eq. (3.33), which depend on
the partons, which form the antenna. Integration over an one-parton phase space yields

[ e = [ (o, + dosie,) - (42)
1 1
Ne 10 0 0 0 I o ©0)]?
5 [D3(s01) + N¢E3(s01) + D5(s12) + N3 (s12)] — v As(s02) ‘«43 ‘ des.
C
For the subtraction term doziingle we have to take into account colour correlations. For the

sub-process eTe” — qgggq we first define a two-component vector in colour space obtained
from the colour-ordered amplitudes of eTe™ — qggq:

nore 2 9 AE,LO)(QOagl’g%q:i)
Ay (@0, 91,92.93) = € g°co | (o), . (4.3)
Ay (G0, 92, 91,93)
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For the subtraction term we have

do single 1 NCQ -1
Y4.q999a ~ 37§

{[Dg(o, 1,2) + DY(0,2,1) + DY(0,3,1)] o A

+[D9(0,2,3) + DY(0,3,2) + DY(0,1,3)] o AV

+[DY(4,2,1) + DY(4,3,1) + DY(4,1,2)] o AV

2
+[F9(1,2,3) + F9(1,3,2) + FJ(2,1,3)] o A <NC 0 ),1510)
+[DS(4,3,2) + D(4,1,3) + DY(4,2,3)] o A (

1 1
- 1+
+[A9(0,1,4) + A9(0,2,4) + A(0,3,4)] 0o AT [ NE DT NE) O G40 (4.4)
L+ 32 W
For the sub-process eTe™ — (q7'q'g we have two subtractions terms, one involving the
two-quark two-gluon amplitudes of eTe™ — gggq, the other one involving the four-quark
amplitudes of eTe™ — qq7'q':

le single single
do smg = da, =2 _ do, -2 N 4.
Y447 9q'q 4,49'99'q—a999 + 4,49'99'q—43'q'q ( 5)
We have
2
smgle Nc -1
4,49'99'q—a999 8

1 N;—1
{[2 <Z + f2 > (E5(0,1,3) + E9(1,0,4) + E5(3,4,0) + E5(4,3,1))

+2= (E3(014)+E3(103)+E3(430)+E3(341))]°“£(0 < 1N2i1>“‘t(0

4 2

o A1 (0 N2>A’(°}d¢5. (4.6)

The asymmetry in the colour factors for the E-terms is just related to way the partons
are labelled in the amplitudes. For the subtraction term daiﬁ%}zq,q_ﬁq,q,q
a two-component vector in colour-space obtained from the colour-ordered amplitudes of
efe” — qqd'q"

n [2 (1 + = 1) (C8(2,1,3) + G3(2,0,4)) +27 (€9(2,0,3) + G2 1,4>>]

we introduce

X3 (o, @ 45 a3) ) . (4.7)

S0) /= =1 _ 2.2
X1 (G0 @145, 93) = €°g 0,
’ <5ﬂavX4(1 (@, @0, dh. a)
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We then have

single N1 0 o (Ne—w w0
Ay gt q—ad'da = 3 [45(0,2,3) + A5(1,2,4)] o X4 N _Ni X4
oi (% R o
+ [48(0.2,4) + 45(1,2,3)] o 1" ( o ) o)
5z Ne— %
0 w 1wz o
+[A0,2,1) + A3 2.9)) o (| Y T LY )R b dos.
Integration of these subtraction terms yields
; ; N2 -1
single single _ '
/ <da4,égggq + da47@/gq/qﬂt¥qu) - %

1

NZ2-1-1
{[Dg(sm) + DY (s3) + NpES (s01) + NpES (s23)] AL ( “ _1> ALY

-1 -1
+ [DS(s02) + DY (s13) + N7E (502) + Np&3 (s15)] AL (_1 N2 1) AD

2
+ [F5(512) + 2N G3 (s12)] AP <Nc : ) AP

0 N2
0 ot [ w 1t o
+[./43(803)] ./44 1 ‘1 1€ A4 d¢4, (4.9)
TN W

NZ -1 )i % 87\ =0
ingl — - cT N, ~
/dazlvgi’zq’qﬂqq/q/q - 68 {[Ag(s(ﬁ) + Ag(sliﬂ)] X4 ( _ 1 1\% ) X4
1

-5z N, —

S S
+ [Ag(so.?;) +Ag(512):| )Z‘Z(JLO)T < ]\17c N.;Ql> )24(10)

2 1
2 14 -L
~(0 N. Z | (0
+ [AY(s01) + A3 (s23)] X L LD Y dgs.
In the first equation terms proportional to 5?? have been equally distributed between the
two colour matrices.

4.2 The one-loop single unresolved subtraction terms

For the subtraction term dag‘mp we have two contributions corresponding to the sub-

processes eTe” — qggq and ete” — qq7'q’. Each of these contributions will have terms
proportional to the one-loop interference term 2Re AéO)TAgl) and the tree-level antennas
)|2

Xg as well as terms proportional to the Born matrix element |A§O and one-loop antenna

functions X:}. We therefore write

loop 5 loop loop
da?’vqggq - daS,(jggq,a + da3,q99q7b7
loop _ loop loop
da37qq/q/q - da3,qq’q’q,a + da37(j(j/q/q,b‘ (410)
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We have

Sangaa = % {N7 [D5(0.1,2) + D3(0,2,1) + D5(3,1,2) + D5(3,2,1)] (4.11)
—2]1\76 [A8(0,1,3) + A3(0,2,3)] } o <A§0>TA§1> +A§1>TAg0)> s,
dalfe = 3 {NTZ [D3(0,1,2) + D3(0,2,1) + D5(3,1,2) + D§(3,2,1)]
[0y (v ey ab01
+A4(0,2,3) + (N2 + 1) AL (0, 2,3)] } o Ag°>(2 da,
40 o g0 = {G TR 1) T [B(0,1,2) + BY(1,0,8) + E5(2,3,0) + B(3,2,1)
%% [E5(0,1,3) + ES(1,0,2) + E9(3,2,0) + E5(2,3,1)] }
5 (AgO)TAgl) +A§1)TA§O)) by,
dovy'on g = {G + NfQ_ 1) NTCZ [E3(0,1,2) + E3(1,0,3) + F3(2,3,0) + F3(3,2,1)]
%NTCQ [E2(0,1,3) + E3(1,0,2) + E3(3,2,0) + E3(2,3,1)] } 0| AL (2 dby.
Integration over an one-parton phase space yields
/ daloo — / (daggﬁgq + da;gg’q’q) -
1 1
Ne 1o 0 0 0 1 0
{7 [D5(s01) + NyE3(s01) + D3(s12) + Np&3(s12)] — Q—NCA?’(’S”)}
(A + AP A
+{NTC2 [D3(s01) +NsE3(so1) +D5(s12) +NyE3(s12)] —i [Al(s02) + (N2 +1)A§,sc(802)]}
' ‘Ag)) ‘2 dos. (4.12)

4.3 The iterated single unresolved subtraction terms

Whereas the subtraction term dago‘)p approximates the one-loop matrix element in singular
phase space regions, there are on the four-parton phase space additional terms, descending
from the five-parton phase space:

daiingle+daglmost _i_da'gterated +d0€§0ft- (4.13)

These terms themselves are singular in single unresolved phase space regions, except for
the term da%Oft, which is integrable in all limits. The term dozgmdmt is a subtraction term

for these contributions. In the unintegrated version dozgmduct lives on the four-parton phase
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space and involves one unintegrated three-parton tree-level antenna function together with
one integrated three-parton tree-level antenna function, which however does only depend
on the hard three-parton kinematics. Therefore this integrated antenna function factorises
from the integration over the unresolved phase space and the integrated version is just
a product of two integrated three-parton tree-level antenna functions with three-parton

kinematics. We have

2
roduct N
do g(;ggli; - 2 { 4 [D3(07 172) +D3(07271) Dg(?’a 172) - Dg(37271)] (414)

1 N 1 N
o <——Dg(80'1') - 7]05?9(80'1') + 5 D5(sv2) + %53(31/2/0

NZ21 1
— (Ti + 4> [D§(0,1,2) + DY(0,2,1) + D3(3,1,2) + D§(3,2,1)] o A3(sr2)

N? 1 N 1 N
+TC [Ag(o, 1, 3) + Ag(o, 2, 3)] [e) <§Dg(50/1/)+7'}052?(80/1/)+§Dg(51/2/)—|—7f530(51/2/)>

N2 1 2
# (Tt 1) [480.1,3) + 430.2.3)] o Af(oww) | o[ AL .

4 2

N2[/1 Ny-—
dagfgj‘;?;:{f[(rr f2 >[E§(o,1,2)+E§(1,0,3)—E§(2,3,0)—E§(3,2,1)]

1 1 1
+7 [E5(0,1,3) + ES(1,0,2) — E9(3,2,0) — ES(2,3, 1)]} o <—§D§(50,1,) + 51)??(51,2,))

N21 1 1 N,—1
_<T§+ >[<Z+ f2 >[E§(o,1,2)+E§(1,0,3)+E§(2,3,0)+E§(3,2,1)]

41 [E5(0,1,3) + ES(1,0,2) + E9(3,2,0) + ES(2,3, 1)]} o AY(spr2r) }

4 ‘ doa.

Integration over the one-parton phase space yields

NZ2T 1 1 1
/dagmdm = {Tc [—593(801)2 - 5773(812)2 + DY (s01) DY (s12) + 5«43(802)2}
1

NZNy
4
1
+ [—D3(s01)A3(s02) — D3 (s12)A3(s02) + A3(s02)°]

Ny
4

[—D3(501)€5 (501) — D5 (512)E3 (s12) + DY (s01)E3 (s12) + D3 (s12)E3 (s01)]

+— [ (s01)A3(502) — &3 (s12)A3(s02) }‘A(O‘ dos. (4.15)

Remark: The term

NZNF o 0 0 2 20 21| 4O
1 [253 (801)53 (812) — 53 (801) — 53 (812) ] ‘.Ag ‘ dgbg (4.16)

is finite. Therefore eq. (4.15) can be re-written in a form, such that the antenna function
&Y occurs only in the combination DY + N;EY modulo finite terms of the form (4.16).
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4.4 The colour-connected double unresolved subtraction terms

We consider now the subtraction terms for the double real emission contribution. We start
with the subtraction terms involving the four-parton antenna functions. For the subtraction

double

term dog we have two contributions corresponding to the sub-processes ete™ — Ggggq

and ete” — qgq'q'g. We have
double 1 N2 0 o
dos Ggg9q = 6 Z 1 [D4(0,Z,j, k) + Dj(4,1,7, k)]
i,4,k€{1,2,3},i#£j#£k

N? 1 . .
+ Z 1 [ A4 (0,1, 7, 4)] + 1 [—AZ(O, i,7,4) — A?LSC(O, 1,7, 4)]
i7j6{17273}7i¢j

2
.. 0
4N2 [Af, sc(0717]74)]}o 3)( dos, (4.17)
1 Ny—1
dagoudle, =3 ( 2+ (4.18)
4 2
N,
[f (£2 4ggg(0: 1,3,2) + EJ 440 (1,0,4,2) + B4 44(4,3,1,2) + E} 444 (3,4,0,2))
N,
+ 57 (B 090q(0,2,3,1) + B 194 (1,2,4,0) + Bl 500(4,2,1,3) + Bf 454(3,2,0,4))
1 1
4N 5 (E.(0,1,2,3) + EY .(1,0,2,4) + EY ..(4,3,2,1) + Ef .(3,4,2,0))
4 (B4(0 1,3,4) + B{(1,0,4,3))
1 N
+1 |7 (E4 gaag(0:1,4,2) + B 00 (1,0,3,2) + B 000(4,3,0,2) + EY 000(3,4,1,2))

N,
+7 (qugqq(o 2,4,1) + Ef 4544(1,2,3,0) + EY ,,,(4,2,0,3) + E} ,..(3,2,1,4))
1
~AN.2

(E4sc(0 1,2,4) +E4sc(1 0,2,3) +E4sc(4 3,2,0) +E4sc(3 4,2,1))

0 0
_4Nc (B4(07 1747 3) +B4(1707374)):|

1 1
-7 <1—W> [C2(0,1,3,4)+C1(0,1,4,3)+C{ (1,0,4,3)+C1(1,0,3,4)] }

Integration over a two-parton phase space yields

double __ double double _
/ dag = / (dO‘B@gggq +d0‘3,1ﬁ’q’q> -
2 2

N2
{Ta [DY(s01) + DY (s12) — A s.(s02)] +

2
Ag;))( des.

ey (€2 (s01) + &1 (s12)]

1
+- [—Ag(sm) — AQ o (s02) — 4C3 (s02)] +

N 1 1
n ! [—32(802) - 552,50(801) - 552,sc(812)

4N,

4N2 [Af sc(s02) + 4CF (s02) }‘«4 ‘ dgs. (4.19)
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4.5 The almost colour-connected double unresolved subtraction terms

For the subtraction term da%lm‘”t we have two contributions corresponding to the sub-
processes ete” — Ggggq and ete” — Gq7'q’'g. For the sub-process ete™ — ggggq we
have
2
daalmost _ 1 &1
3,999 7 6] 4 2

[(=D3(0,1,3) — D§(0,2,3) — D3(0,3,2) + D3(4,3,2) + D§(4,1,3) + DI(4,2,3))
o (D§(0',1",2") — D§(3',1,2))

+ (—D§(4,2,1) — DY(4,3,1) — D3(4,1,2) + D§(0,1,2) + D3(0,2,1) + D3(0,3,1))
o (D§(3,2',1) — D3(0,2',1))

— (A5(0,1,4) + A5(0,2,4) + A3(0,3,4))

o (D§(0',1',2") + D§(3',2',1") + D3(0',2',1') + D3(3',1',2"))

+ (D§(0,1,3) + D§(0,2,3) + D5(0,3,2) + D3(4,3,2) + D§(4,1,3) + D(4,2,3))
0 AY(0',1',3))

+(D5(0,1,2) + D3(0,2,1) + DY(0,3,1) + D§(4,2,1) + D3(4,3,1) + D§(4,1,2))
0 AY(0,2,3))

+ (A5(0,1,4) + A5(0,2,4) + A3(0,3,4)) o (A3(0",1,3") + A3(0,2',3"))]

% [(Ag(o, 1,4) + A3(0,2,4) + A3(0,3,4)) o (A3(0,1',3") + A3(0/,2',3)

2
—DY(0,1,2) — D3, 2, 1) — DY, 2, 1") — DY(3, 1, 2’))] } o Agm\ dps.  (4.20)

For the sub-process ete™ — qq7'q'g we have two subtractions terms, corresponding to an

intermediate gggq or gqq'q state:

almost _ almost almost
da&fﬁ/gq/q - da?),é(i/gq/qﬂéggqﬂégq + da&(ﬁ/gq/qﬂtﬁ’q’qﬂtigq‘ (4‘21)
We have
1N?1
daalmost c (422)

3.40'99'9—34999—d99 — 9 4 9

1 Ny—1

{KZ+15 >G£mm@—E%uM%uwaLm+%®@®)
1

+7 (=E5(0,1,4) — E9(1,0,3) + ES(3,1,4) + E§(4,0,3))]

o (Dg(o’, 1,2y - DY(3, 1, 2))
Ny—1

)b%%&@—%@&m+wman+%@¢w

—@@ah—@%&m+@&an+@@&m]
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o (D§(3,2',1) — D3(0,2', 1))

N
n f

% > (E5(0,1,3) + E5(1,0,4) + ES(4,1,3) + E5(3,0,4))

+- (EY(0,1,4) + E9(1,0,3) + ES(3,1,4) + E2(4,0,3)) | o A(0/,1',3

N
+ f—

1
1 5 + E5(3,4,0))

+

G >
i )
K > (E5(0,3,1) + ES(1,4,0) + E9(4,3,1)
i oo

o (B9(0,4,1) + B$(1,3,0) + EJ(3,4,1) + E9(4,3,0)) |0 AY(0', 2.3 }W\ i,

N2 [/1 Np—1

Imost f

da% 2310;(1 4—4q'q'a—qg9q { 4 KZ + 92 >
1 1 1

<<A3(1, 2,4) — 5Ag(o, 2,3) — §Ag(3, 2,4) — 5Ag(o, 2,4)> o E(0/,1,2))

0 1 0 1 0 1 0 O/a! o o

A3(17274) - 5143(07273) - 5143(0727 1) - 5143(17273) © E3(2 73 70 )
1 1 1

+ | A%(0,2,3) — §A§(1,2,4) - §A§(3,2,4) - 5,42(1,2,3)) o E9(1',0,3))
1 1 1

+ | A%(0,2,3) — _Ag(1,2,4) - iAg(o,z, 1) — 5/1%(0,2,4)) o E9(3,2, 1’)>

_l’_

N

1 1 1
A3(1,2,3) — —Ag(o,2,4) - 5AQ(3,2,4) - —Ag(0,2,3)> o B9(0/,1',3")

+(A5(1,2,3) — A0(024)—%Ag(0,2,1)——A0124 o ES(3,2',0)

_|_

1

1
A3(0,2,4) — 5Ag(1,2,3) - 5Ag(o,z, 1) — —AO (0,2,3)) o ES(2/,3,1 )>]

- -
B —

1
A5(0,2,4) — 5A§(1,2,3) - 5Ag(3, 4) — —AO 1,2,4) ) o E(1,0/,2)
4

% [G + Nfg_ 1) (2 (A3(0,2,1) — A9(0,2,3) + AY(3,2,4) — A(1,2,4))

o (ES(0,1,2)) + E§(1,0/,3') + ES(2,3,0") + E§(3,2',1))
—A%(0,2,4) o (Eg(o’, 1,2+ E3(3,2,1))
—A5(1,2,3) o (ES(1',0,3") + E§(2,3,0)))

1

o (E3(0,1',3) + E§(1,0/,2') + ES(3,2,0") + E5(2/,3, 1))
—A5(0,2,3) o (ES(0/,1,3") + E§(2/,3,1))

—A3(1,2,4) o (E9(1,0/,2') + ES(3, 2, o’)))] } 0

30) ‘2 dos.
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These subtraction terms are integrated over an one-parton phase space. We obtain

1
almost almost _ =
/(da&qgggq + do‘?’@’gq’q—ﬁggq—ﬁgq) D) (4.23)
1

{J\f; [(DS(0,1,2) — DY(3,1,2)) (DY(s23) + NtE(s93) — DY (s02) — N¢ES (s02))
+(D3(3,2,1) — D3(0,2,1)) (D§(s01) + Ny (so1) — DY(s13) — NyE3 (s13))

— (DY(0,1,2) + D§(3,2,1) + D§(0,2,1) + D3(3,1,2)) A3 (s03)
+Ag(0,1 3 (Dg(502 +Nf53(502)+D3(523)+Nf53(523))
(
)

wo wo

)
+A43(0,2,3) (D3 (s01) + NyE3(s01) + D3(s13) + NyE3(s13))
+ (45(0,1,3) + A5(0,2,3)) A3(s03)]

1
+7 [(45(0,1,3) + A43(0,2,3) — D3(0,1,2) — D§(3,2,1) — D5(0,2,1) — D5(3,1,2))

AY(s03)] } o
da almost &3 l + Nf —1
Y3,47 99'q—377 ¢’ 9—d9q — 4 4 2

1

(900.1,2) (A5(s12) ~ 5A8(002) ~ 54352 — A8 o) )

1 1

1
~A(s02) — 5«43(801) - §A§(312)>

+E3(2,3,0) (Ag(slg) -3

1

352~ 3 Ao

1
+E9(1,0,3) <A2(502) - 5«43(813) 3

1 1 1
+Eg(3, 2, 1) <Ag(502) — 5./48(813) - 5./48(801) - §Ag(503)>>

1 1 1 1
+ (E??(Q 1,3) (Ag(su) - §Ag(303) - 5«43(823) - 5«48(802))

1 1 1
+E3(3,2,0) <A§(312) - 5«43(803) - 5«43(801) - §A§(313)>

1 1 1
+89(1,0.2) (500 - 5 A o12) — 3 AYs20) — 5 Ao

LEY(2,3,1) <Ag<303> — A (s) — 5 (o) — %Ag(sm))H

1(/1 Ny—-1
(G55 o1+ B0y + B0+ Be.21)

(A3(s01) — A3(s02) + A3 (s23) — A3(s13))

— (E3(0,1,2) + E3(3,2,1)) AY(s03) — (E3(1,0,3) + E3(2,3,0)) AJ(s12))
1

+—( (E5(0,1,3) + ES(1,0,2) + E9(3,2,0) + E5(2,3,1))
(A3(s01) — A3(s03) + A3(s23) — A3(s12))

— (E3(0,1,3) + E3(2,3,1)) AY(s02) — (E9(1,0,2) + E(3,2,0)) Ag(sm))ﬂo A§°>‘2d¢4.
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4.6 The iterated double unresolved subtraction terms

For the subtraction term dalterated we have two contributions corresponding to the sub-

processes ete” — Ggggq and ete” — Gqq'q’'g. For the sub-process ete™ — Ggggq we
have

1
iterated
0% Gog90 = (4.24)

N2
{4 [(D5(0,1,2) + D5(0,2,1) + D5(0,3,1) + D5(4,3,2) + D5(4,1,3) + D5(4,2,3)

+F3(1,2,3) + F§(1,3,2) + F§(2,1,3)) o (D(0',1',2) + D§(3',2',1"))
+ (D§(0,2,3) + D§(0,3,2) + D3(0,1,3) + D3 (4,2, 1) + DY(4,3,1) + DY(4,1,2)

+F9(1,2,3) + F§(1,3,2) + F§(2,1,3)) o (D§(0/,2/,1") + D§(3',1',2))]
+i [(1 + ;2> (A3(0,1,4) + A9(0,2,4) + A3(0,3,4)) o (A5(0,1",3") + AJ(0/,2,3"))

— (A5(0,1,4) + A3(0,2,4) + A3(0,3,4))

o (D3(0,1',2") + D§(3',2,1") + D§(0',2', 1) + D§(3',1",2))

— (D§(0,1,2) + D§(0,2,1) + D3(0,3,1) + D(0,2,3) + D3(0,3,2) + DJ(0, 1,3)
+D§(4,2,1) + D§(4,3,1) + D§(4,1,2) + D§(4,3,2) + DY(4,1,3) + D3(4,2,3))

O/n/ 1/ of 0/ of of ©0)|?
o (AY(0,17,8) + AY0,2,3)) | L o] Al ‘ deps.

For the sub-process ete™ — §q7'q'g we have two subtractions terms, corresponding to an
intermediate gggq or gqq'q state:
iterated __ iterated iterated
d 3,470’99’ — d 3,49'99'a—q4999—499 d 3,4q'99'4—q9'q' 9—q99° (4.25)
We have

. 1 Nf—-1
iterated _ /
da?),%;geq’qﬂéggqﬂégq_ { [(Z + 9 >

(E$(0,1,3) +E9(1,0,4) + E9(3,4,0) +E5(4,3,1))

1

+7 (E5(0,1,4) + E5(1,0,3) + E5(4,3,0) + E3(3,4, 1))]
Nc20/// Oral 1/ of 10/// O/ o o

o T(1)3((),2,1)+1)3(3,1,2))—Z(,43(0,1,3)+Ag(0,2,3))

N2[/1 Ny-—1 1
+T[<1+ f2 )(G§(2,1,3)+G§(2,0,4))+Z(G8(270,3)+Gg(271,4))]

2
o (D§(0',1,2") + D§(3',2',1') + D3(0',2',1") + D§(3', V', 2’))} o 30)( dos.  (4.26)

1 Nf—1 N
iterated _ f 0 0
da 3?1qageq 9—43'q9'9—q9q — {(4 + 2 > [ (A (0 2,3 )+A3(1,2,4))

i (—A9(0,2,4) — A5(1,2,3) — 2A4%(0,2,3) — 2A49(1,2,4) +243(0,2,1) + 2Ag(3,2,4))}
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o [ES(0,1,2)) + ES(1',0,3') + ES(2,3,0') + E§(3,2/,1)]

1 ]Vc2 0 0
1l (A3(0,2,4) + A3(1,2,3))

1
7 (—45(0,2,3) — A5(1,2,4) — 245(0,2,4) — 245(1,2,3) +245(0,2, 1) + 245(3,2,4))

A (2 deps. (4.27)

o [ES(0,1,3") + ES(1,0/,2') + ES(3,2,0") + E9(2,3,1)] } o
These subtraction terms are integrated over an one-parton phase space. We obtain

. . 1 (N2
iterated iterated _ 0 0
/ <da3veégag§q + da&e(i;geq’qwiggqﬂégq) T2 {Tc [(D5(0,1,2) + D3(3,2,1))  (4.28)

(D(s01) + NE3J(so1) + DY(s23) + NyE3(s23) + F3 (s12) + 2N5GY (s12))

+(D§(0,2,1) + D§(3,1,2))

(DS (s02) + N¢E (s02) + D5 (s13) + NpE3(s13) + F5 (s12) + 2N;G3 (512))]
+i [— (D§(0,1,2) + D§(3,2,1) + DS(0,2,1) + D§(3,1,2)) A3(s03)

— (A45(0,1,3) + A5(0,2,3)) (D§(s01) + N¢ES(so1) + DY (s02) + NyES(s02)

+DY(s13) + NEY(s13) + D§(s93) + NpES(s23))

+ (1 + i) (A3(0,1,3) + A%(0,2,3)) Ag(s%)] } o

2
e AP do,

. 1 Np—1
iterated — /
/ de3 a3/ 9q'g—aa'q' a—aga = {(Z T3 )
1

[E5(0,1,2) + ES(1,0,3) + E5(2,3,0) + E5(3,2,1)]

N2
[f (A3 (s02) + A3 (s13))

1
+ (—A3(s03) — AJ(s12) — 243 (s02) — 2A43(s13) + 243(s01) + 2A§(523))}
+i [E5(0,1,3) + ES(1,0,2) + E9(3,2,0) + E5(2,3,1)]

]Vc2 0 0
1 (Ao + Aor2)

1 2
+Z (—Ag(S(]Q) — Ag(slg) — 2./4%(803) — 2./43(812) + 2./4%(801) + 2Ag(823)):| } o) Aéo)‘ doy.

4.7 The soft subtraction terms

In the four-parton channel the poles from dail) and doziingle cancel each other. The other

terms which we defined up to now in the four-parton channel are

dagoop_i_dagroduct —/daglmOSt—i-/dagerated. (4.29)
1 1
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We now study the infrared pole structure of the combination of these terms. In the four-
parton channel there are two sub-channels, the gggq sub-channel and the §q’q’q sub-channel.
We first consider the gggq sub-channel. For the infrared poles proportional to the uninte-
grated three-parton antenna function DJ(0,1,2) we find

; 1N21
daéoop+da§roduct _/daglmost_{_/da%terated _ §TC§D??(0,1’2) (4‘30)
1 1 Poles,DJ(0,1,2)
[D3(s53) — D5 (s02) — A3 (s5) + A3(s03) — D3(s33) + D5 (s23)] ‘ doy
Poles

There are three similar terms with poles proportional to D$(0,2,1), D3(3,2,1) and
DY(3,1,2). For the infrared poles proportional to the unintegrated three-parton antenna
function A%(0,1,3) we find

i N21 1
dagoop + dagroduet - /daglmOSt + /da%terated _ 2 <T§ I >AO(O, 173)
Poles,A9(0,1,3)
2
[—A3(sg3) + A3(s03) + D3(sg5) — Ds(s02) + D5 (s35) — Dil(s2s) ] Ai(%O)‘ ds
Poles
(4.31)

There is a similar term proportional to AJ(0,2,3). Let us now consider the sub-channel
qq'¢'q. For the infrared poles proportional to the unintegrated three-parton antenna func-
tion E9(0,1,2) we find

1 roduct 1 i d 1 Nf —1 N2
dagoOp +da§ oduc _/ daa most /dag:erate — <Z + 5 ) Ta 3(0’172)
1 1 Poles, £9(0,1,2)
[D5(s53) — 2A3(s01) — A3 (s53) + A3 (s02) + A3 (s03) — D5 (s35) + A3 (s23)]
2
30)( deba (4.32)
Poles

There are three similar terms with poles proportional to E9(1,0,3), FE$(2,3,0) and
E9(3,2,1). In addition there are four terms with proportional to E$(0,1,3), E9(1,0,2),
E9(3,2,0) and EY(2,3,1) for which one replaces 1/4+ (N; —1)/2 by 1/4. We can re-write
the terms in eq. (4.32) as

D3 (s012) — 2A3(s01) — A3(sg3) + A3(s02) + A3 (s03) — D5 (s33) + A3(s23) =
[D3(s012) — AS(s02) — AJ(sg3) + A3(s03) — D3 (535) + Af(s23)]
+2 [AS(s02) — A3(s01)] - (4.33)

Terms with

[ E80.1.2) [A5(502) — AS(s00)] o [ AL o (4.34)

1
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vanish after integration over the unresolved phase space for a momentum mapping sym-
metric in (p1,p2). On the other hand, the first term on the right hand side of eq. (4.33)
has the same structure as the terms in eq. (4.30) and eq. (4.31). The integrated antenna
functions AJ(s) and DJ(s) have the form

2 (3) [3] e

Due to the structure of alternating signs in eq. (4.30), (4.31) and (4.33) the coefficient ¢ of
the single pole in eq. (4.35) will drop out and only the double pole contributes. The double
pole is related to soft gluons. Generically we have to consider terms of the form

2
X?? (a, i, b) S??(Sdi)) — S??(Sab) — Sg?(Saj) + Sg(saj) — Sg(sl;]) + S??(Sbj)} 0] 'Ag])‘ d¢4 (4.36)

with
—€
0,y _ Qs [ s 1 2 7T 5

S3(s) = — <?> L—Q + Z +6 — T + O(e). (4.37)

Neglecting finite terms this is equivalent to
1 Sa;S.i Y 2
% X9(a,i,b)- [m TRy M] o (Agm\ deba. (4.38)
s £ 3&13 Sab

The three-parton amplitude Ago) is evaluated with the momenta p,, p, and p;. The three-
parton amplitude and the observable are independent of particle i. We now investigate the
behaviour of eq. (4.38) if we integrate over the phase space of particle i. It is convenient
to choose a specific frame, which we take as the centre-of-mass frame of p, + pp with p,
and p, along the positive z-axis and p; in the x — 2z plane. In this frame we have

N 1
Pa = 5\/5(15(1, 0,0, 1)’

- 1
Py = 5\/ 5@8(1,050,_1)5
Pa = Ea(laoyoa 1)5

vy = Ep(1,sin 6 cos ¢, sin 6 sin ¢, cos 6y,

p;j = E;(1,sin6;,0,cos ;). (4.39)
One finds
- SajSjp 1 Sasib _ (14 cosb;)(1 —cosby) (4.40)
Sai Sab 2(1 — cos Oy cos B — sinbysinb; cos p) ) - '

We focus on the integral over the azimuthal angle ¢ of particle 7 in this frame. In eq. (4.38)
only the square bracket depends on the azimuthal angle ¢. With the help of eq. (4.40) the
relevant integral is given by

2w

1:%/d¢1n<2( (1 + cos 8;)(1 — cos f) > a)

T 1 — cos 6 cos 0; — sin 6, sin 0 cos ¢)
0
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The integral equals

I <1 — cos B cos 0 + (cos B; — cos 65,)) . (4.42)

1 —cosfycosB; + | cosf; — cos by

The integral is zero for 6; < 6, but non-zero for 6; > 6. Therefore the 1/e-poles of
eq. (4.36) vanish after integration over the azimuthal angle for §; < 6,. However, they do
not vanish for ; > 6, and an additional subtraction term da?fft is needed to cancel the
explicit poles of

da}rSOOp + dozgmduct — / da%lm%t + / dagerated. (4.43)
1 1
We introduce the notation
284p

S9(i, 5, k; a,b) = Swa, , (4.44)
SajSjb

together with the convention that the phase space mapping (i, j, k) — (4, /;:) should be used.
In the Ggggq-channel the soft subtraction term can be taken as

1

da%?%ggq ~ 5 (4.45)
NEl > (55(0,4,7;0”,1") — 53(0,4,4;0”,2") — S5(0,4,;1",2"
19 5(0,4,7;0",17) — S5(0,4, ; 07, 2") — 55(0,1, j; 17, 2")

(1.5)€{(1,3),(23),(3,2)}

—89(0,4,5;0',2") + 55(0,1, 5,0, 3") + 55(0,4, j; 2',3")) o D§(0', 1", 2)

+ > (89(0,4, 5;0",1") — 89(0,4,5;0",2") — $5(0,4,4;1",2")
(1.7)€{(1,2),(2,1),(3,1)}

—89(0,4,5;0',1') + 55(0,1, 5,0, 3") + S5(0,4, j; 1", 3")) o D§(0', 2/, 1)

- > (S8(i,5,4;1",2") — S§(3, 5,4, 0",1") — S9(4, j, 4;0",2")
(1.)€{(1,2),(2.1),(1,3)}

—89(i,5,4;1",3') + S9(i, 5,4, 0, 1) + S9(3, 5, 4; 0, 3")) o D§(3',2/,1")

+ > (58(i,5,4;1",2") — S§(4,5,4;0",1") — S9(4, j, 4;0”,2")
(i.5)€{(2:3),(3,1),(3,2)}

—89(i,3,4;2',3") + 894, 7,4, 0',2') + S§ (3, 4,4;0',3")) o D3(3',1',2)

N21 1
- <f§ + 1) > (85(0,4,4;0",2") — 85(0,4,4;,0,1") — 5§(0,7,4;1",2")
1€{1,2,3}
—59(0,4,4;0',3") + 55(0,4,4;0/,2") + 55(0,,4;2',3")) o AJ(0/, 1", 3')
+ D (85(0,0,4;0”,2") — S5(0,i,4;07,1") — §§(0,1,4;1”,2")
1€{1,2,3}

2
—89(0,4,4;0',3") + 59(0,4,4;0', 1) + S9(0,4,4;1",3)) 0 A(0/,2/,3") | p o Ag@\ dos.
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In the ¢’ gq’q-channel we have

2
soft N c

1
03 G90q = 4 5 (4.46)

4 2
—55(0,2,3;0',2') + 59(0,2,3;0",3') + $9(0,2,3;2',3')) o ES(0/,1',2')
+(99(1,2,4;0",1") — S9(1,2,4;0",2") — S9(1,2,4;1”,2")
—59(1,2,4;1',3") + 89(1,2,4;1",2') + S9(1,2,4;2',3')) o E§(1',0/,3')
+(89(0,2,3;1",2") — 59(0,2,3;0",1") — 55(0,2,3;0",2")
—55(0,2,3;0,2") + 59(0,2,3;0",1") + $9(0,2,3;1',2')) o E§(2/,3,0')
+(89(1,2,4;1",2") — §9(1,2,4;0",1") — 5§(1,2,4;0",2")
—55(1,2,4;1',3") + S9(1,2,4;0',1') + S9(1,2,4;0',3)) o E§(3/,2,1")]

1 Ny—1
{(— +=L > [(59(0,2,3;0”,1") — $3(0,2,3;0”,2") — 5§(0,2,3;1",2")

1
+7 [(59(0,2,4;0”,1") — 89(0,2,4;0",2") — $9(0,2,4;1”,2")
—55(0,2,4;0',3") + S9(0,2,4;0",2') + $9(0,2,4;2',3')) o E§(0/,1',3')
+(55(1,2,3;0”,1") — 89(1,2,3;0",2") — S9(1,2,3;1”,2")
—59(1,2,3;1,2') + 89(1,2,3;1",3') + 89(1,2,3;2',3)) o E§(1',0/,2')
+(55(0,2,4;1",2") — 89(0,2,4;0",1") — $9(0,2,4;0",2")
—59(0,2,4;0/,3") + 89(0,2,4;0',1') + 55(0,2,4;1",3")) o E§(3',2',0/)
+(S89(1,2,3;1",2") — §9(1,2,3;0",1") — 59(1,2,3;0",2")

2
—89(1,2,3;1',2') + 89(1,2,3;0', ') + 55(1,2,3;0',2)) o E§(2',3,1")] }o Ag))( dos.

In these subtraction terms the soft eikonal factors contain apart from the soft gluon mo-
mentum only momenta, which are not affected by the phase space mapping. The soft
subtraction term da?fﬁ is only singular in the single soft limit, in all other limits it is
integrable. For the integrated version we need therefore the integral over the soft eikonal
factor for the case where the hard partons in the eikonal factor are independent of the

phase space mapping. This integral is given by [38]

Sg(ﬁi,ﬁk,l)a,l)b) = Selﬂ2€/d¢unres,ijk S??(Z,J, k; a, b) (447)

RN T I T N P I Gt B
= 7T<,u2> [52 Eln(x) L12< . > 57 + O(e),

where

SabSii
x = . (4.48)
(807 + 547) (557 + 545)
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Integrated over a one-particle unresolved phase space one obtains

1
soft _ -
/ da?’@gggq 9

1

d asoft

N2
{ = [D§(0,1,2) (85(0,2;0",1") — 89(0,2;0/,2) — S§(0,2; 1", 2/

~89(0,2;0,2) + 89(0,2;0,3) + S89(0,2;2,3))

+D35(0,2,1) (85(0,1;0",1") — §5(0,1;0/,2") — 89(0,1;1',2)

~89(0,1;0,1) + 89(0,1;0,3) + 89(0,1; 1, 3))

+

~89(1,3;1,3) + 89(1,3;0,1) + S8(1,3;0, 3))

+D3(3,1,2) (85(2,3;1,2) = 83(2,3;0',1') — 83(2,3; 0/, 2/

~89(2,3;2,3) +89(2,3;0,2) + 59(2,3;0,3))]

N2
_ (T_ + > [A5(0,1,3) (85(0,3;0',2") — 89(0,3;0',1') — 8§(0,3; 17, 2)

2
=S

3;0,3) + 85(0,3;0,2) + S8§(0,3;2,3))
10,3) +85(0,3;0,1) +59(0,3;1,3)) ] } o

_NZ1
3.47'99'a — 4 9

1 Ny-1
{<—+ ! > [E£9(0,1,2) (85(0,2;0',1') — 85(0,2;0/,2') — 89(0,2; 1',2)

4 2
~89(0,2;0,2) + 89(0,2;0,3) + S9(0,2;2,3))

+E9(1,0,3) (89(1,3;0/,1') — 8§(1,3;0,2") — S9(1,3; 1,2

~89(1,3;1,3) +89(1,3;1,2) + 8(1,3;2,3))

_l’_

—83(0,2;0,2) + 89(0,2;0,1) + 89(0,2;1,2))

+E9(3,2,1) (89(1,3;17,2") — 8§(1,3;0',1") — S§(1,3;0/,2

~89(1,3;1,3) +89(1,3;0,1) + S9(1,3;0,3))]

1
+7 [E5(0,1,3) (89(0,3;0",1") — 89(0,3;0/,2) — S5(0,3;1', 2
0

89(0,3;0,3) + 85(0,3;0,2) 4+ 89(0,3;2,3))

D§(3,2,1) (89(1,3;1,2") — 89(1,3;0',1") — S9(1,3;0',2'

0

3(0,

+45(0,2,3) (55(0,3;0',2") — 89(0,3;0',1") — 8§(0,3; 1", 2/
~83(0,3

(
(
(
£5(2,3,0) (85(0,2;1",2") — 89(0,2; 0/, 1) — S5(0,2; 0,2’
(
(
(

)

)

)

{ )(2 dbs.

)

)

)

+E9(1,0,2) (89(1,2;0',1") — 8§(1,2;0/,2") — S9(1,2;1,2)

~89(1,2;1,2) +89(1,2;1,3) + 89(1,2;2,3))

0
0
+E9
~89(0,3;0,3) + 89(0,3;0,1) + 89(0,3; 1, 3))
0
0

+E9(2,3,1) (85(1,2;17,2') — 89(1,2;0/,1') — 89(1,2; 0/, 2

83 172a ) )+S3(172a0 1)+S3(172a0 2))]}0

,37,
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(1,
(1,
(3,2,0) (89(0,3;1',2') — 89(0,3;0',1') — 8(0,3; 0/, 2
(
(
(

)

)

30) ‘2 dey.

)

(4.49)
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These integrated contributions cancel all explicit poles of the form as in eq. (4.36) point by
point in the four parton phase space. Only in the colour factor Ny N, remain some explicit
poles, which are of the form as in eq. (4.34). The contribution in eq. (4.34) vanishes to all
order in ¢ after the integration over the unresolved phase space in D dimensions.

5 Infrared finiteness

In this section I show that the three-parton, four-parton and five-parton contributions to
the NNLO correction are individually infrared finite. There are two types of potential
divergences which need to be checked:

(i) Explicit poles in the dimensional regularisation parameter ¢ = (4— D) /2, which occur

in individual stages after one or two integrations have been performed analytically.
(ii) Singularities of the phase-space integration.

We begin with the three-parton contribution. For this contribution only the cancellation
of the explicit poles in € needs to be checked. It is easily verified that the combination

/ O da3 + dadewble 4 galooP 4 dag“’dmt) (5.1)

is free of explicit poles in e.
For the four-parton contribution we have to check the explicit poles and the phase-
space singularities. The four-parton contribution is given by

/|:04(13) (dO'L(ll) + da smgle) _ 05(53) (dalOOp + dagroduet _ da%lmost - dOé%Oft + dagterated)] )
The combination

/ o da +da5‘ngle) (5.2)

is free of explicit poles in . This is just the cancellation of the explicit poles in ¢ of NLO
calculations. On the other hand as discussed in detail in section 4.7 the explicit poles of
the combination

/O§3) o <d0¢}300p + dagrOdUCt _ da%lmost . dO[%Oft + da'gterated) (5.3)

cancel point by point of the four-particle phase space for the colour factors N2, N2, N2,
Ny/N, and Nf2. In the colour factor NyN. the explicit poles in e cancel after integration
over a one-particle unresolved phase space in D dimensions. This is related to eq. (4.34).
Alternatively they cancel after symmetrisation in the quark momenta. Due to this anti-
symmetry finite terms obtained from expressing the D-dimensional unresolved phase space
measure as an effective four-dimensional unresolved phase space measure integrate to zero
and can be dropped in the numerical program. It is possible to obtain also for the colour
factor Ny N, a cancellation of the poles point by point in the four-particle phase space at
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the expense of introducing additional subtraction terms. However a cancellation of the
poles after integration of the one-particle unresolved phase space is sufficient.

We now consider the phase-space singularities of the four-parton contribution. The fol-
lowing combinations are individually integrable over the D-dimensional four-parton phase
space:

/ ((94(13) dafll) - Oé?’) o daémp) ;
/ (O§3)daiingle - Oé?)) o da%}terated) ’
/01(1,3) o <da§roduct B daglmost) ’

/O§3) o daP, (5.4)

We now consider the five-parton contribution. Here only phase-space singularities have to
be considered. The five-parton contribution is given by

/ [Oé?’) dO’éO) _ 0513) o daiingle _ Oég) o (dagouble + daglmost + da%oft o da}gterated)] )
(5.5)

The potential double-unresolved singularities are: double soft, soft-collinear, triple collinear
and two pairs of collinear particles. The single-unresolved cases, which need to be checked
are one soft particle and one pair of collinear particles. The five-parton contribution consists
of two channels, the ggggg-channel and the ¢’ gq’q-channel. It is sufficient to check one
representative case for each type of singularity. We have the following cases:

e Double unresolved, 05142,3,4,-channel:

— Double soft: 1, 2, soft.

— Soft-collinear: 1, soft, 2,4||3, collinear.
— Soft-collinear: 1, soft, 34(|44 collinear.
— Triple collinear: Og||14||24.

— Triple collinear: 14|[24]|3,.

— Two collinear pairs: 0g||1, and 2,4|[3,.

Two collinear pairs: Og||1, and 34||44.
e Single unresolved, 041424344,-channel:

— Soft: 1, soft.
— Collinear: 0g||14.

— Collinear: 14|2,.
e Double unresolved, 05152434 44-channel:

— Double soft: 1, 3, soft.
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— Soft-collinear: 2, soft, 14|34 collinear.
— Triple collinear: 15(|24][34 .

— Triple collinear: Og||1g (|3,

Two collinear pairs: 04|12, and 15|34
e Single unresolved, 0514243, 44-channel:

— Soft: 24 soft.
— Collinear: 14||3,.

— Collinear: 1@"’29'
In the double unresolved limits we have

lim 05(33) dO’E(SO) _ Oé?’) o dagouble _ Oé?’) o daglmost — integrable,
double unresolved

3 ingl 3 i .
0¥ o dajree — (’):(5 ) o dadferated — integrable,
double unresolved

lim Oi(,’g) o daP™ = integrable. (5.6)

double unresolved

For the single unresolved it is convenient to split the NLO subtraction term daiingle into

daiingle _ daiingle,relevant + daiingle7remainder’ (57)

ingle,rel t . . . . .
where daj"®" V™™ contains the antenna subtraction terms singular in the single unre-

. . . ingl ind . .
solved limit under consideration and daj"® ™™™ contains the remaining terms. Al-

though the antenna terms of dazingle’remainder are finite in this particular limit, the matrix
element multiplying these antenna functions can become singular in an NNLO calculation.
(In an NLO calculation the infrared-safe observable ensures that there is no contribution

from these regions to the NLO calculation.) In a similar way we split dagerated

iterated __ iterated,relevant iterated,remainder
dog = dory + day

, (5.8)

iterated,relevant . . . single,relevant iterated,remainder .
such that day TEEVAI is an approximation to da’ T Y™ and doig ’ is

4
an approximation to daj"® eremainder “yyo then have in single unresolved limits

lim Oés) do*éo) - Ois) o daf"EeTIVANt _ ntegrable, (5.9)

single unresolved

. (3) single,remainder (3) iterated,remainder .
- lim O, oda; — 037 odag = integrable,
single unresolved
. 3 i 1 .
ingle lulgt e (’):(5 )o (dagerated’re evant _ jadouble _ gpalmost _ da%Oft> = integrable.

The explicit results for the non-trivial singular limits are listed in the appendix B.
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6 Conclusions

In this paper I gave detailed information on the structure of the infrared singularities
for the process ete™ — 3 jets at next-to-next-to-leading order in perturbation theory.
Particular emphasis was put on singularities associated to soft gluons. The knowledge how
to disentangle singularities at NNLO for this process will also be useful for other processes
with three or more hard coloured partons, if calculated at NNLO. In this paper a complete
list of the subtraction terms used in the numerical program “Mercutio2” was given.

A Alternative soft subtraction term

In this appendix I present an alternative form for the soft subtraction terms. The starting
point is eq. (4.36)

2
1= X§(a,1,0) [S§(s33) — S9(sa0) — 3535 + S3(505) = S§(s3,) + Shsuy)] o | AL d,
(A1)
which in the frame defined by eq. (4.39)
N 1
Pa = 5\/5(15(1, 0,0, 1)’
N 1
by = 5\/ 5&[3(1, 05 0) _1)5
Pa = Ea(la 0) 0’ 1)5
vy = Ep(1,sin 6 cos ¢, sin 6 sin ¢, cos 6;),
p;j = E;(1,sin6;,0,cos 0;), (A.2)

leaves uncancelled explicit poles in 1/¢ for 6; > 6,. The condition #; > 6, is equivalent to

cos ; < cos ), or, expressed in invariants,

2papi 2
2DaibPi  2PaibPb
Let us define two new momenta p, and p, which are related to p,, p; and p, by the Catani-

Seymour mapping with particle a being the spectator and particle b being the emitter:

~ Saib R Sib
— e =yt — —2 . Ad
Pa= " —Pa P =Pyt Pi = o (A.4)

As subtraction term to eq. (A.1) we can use

A= X9(a,6,0)0 (0 > ) [8(s) — S (su) — 53(5,3) + 83(s0)] o [P ds. (45)

We then have

g 0 . 1
L 1 A.
I A WXB(a72ab)€ ( 6)
(1 +cosb;)(1 — cosbhy)
» 1
[@ (0; < 6p)In <2(1 — cos B cos 0 — sin 6, sin 6 cos @)
(1 —cos#;)(1+ cosby) (0)]?
A 1 '
+0(0; > 6,)In <2(1 — cos Oy cos ; — sin 6, sin 0 cos @) o |As ‘ dos + O(e)

— 41 —



Integration over the azimuthal angle now leads to zero for the pole terms proportional to
1/e in both cases §; < 0, and 6; > 6,. We then have to lift eq. (A.5) to the five-parton
phase space. The terms with S (sq) and 8§ (sq;) pose no problem. The terms with 8§ (s,;)
and Sg(sﬂ)) are more subtle. Let us first consider the term Sg(sﬂ)). Lifting Sy gives an
eikonal factor S§ which depends apart from the momentum of the soft gluon on two hard
momenta. We would like these two hard momenta to be such that under the momentum
mapping they are mapped onto p; and p;. We can do this by a momentum mapping, which
maps five momenta to four momenta. Let us denote the five momenta by p;, p;, k. p1, Pm,
with p; being the soft particle. The eikonal factor is given by

281'”

S9(i,j3,n) = 8mas : (A7)
Sz‘ijn
where p,, is a linear combination of pg, p; and py,:
Y2 Skl
Pn = PR tPL— T —Pmy Y2 = (A.8)
— Y Skim
The 5 — 4-mapping is given by
5. — ;. + i — L N, — L
Di Pi T Dj 1_ ylpn, Pk 1_ ylpk,
_ 1 _ L=y —
= P, Pm = Pk A9
" " - ) W
with
g = 4 (A.10)
Sijm
pp is transformed to
~ 1 . Y2 - S Yo
Pn = Pn =Pk + P — ——Pm, 2= —b = : (A11)
I—wu 1—9 Siim 1 — w1

Integration over the unresolved phase space yields
Sa_l,lLQE/dgbunres Sg(l,J, ’I’L) = Sg(sgﬁ)a (A12)

with S9(s) given by eq. (4.37).

To lift the term S?? (s,;) we consider four momenta p;, p;,pr,pr and map them to three
momenta pj;, pr, and p;. In this case we denote by p; the soft particle. The 4 — 3-mapping
is given by

Dj = Di +Pj — Y1Pn,
_ a
Dk = Pk + Y1Pn — 1—1717
—a
1
T A.13
Dl 1_ apl’ ( )
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with

- Sijk Sij Y15kn
Pn=Pi Py TPk = 2pl;ijkpl’ v= Siﬁsjjﬁ. “= Y1Skn + Y1Sim + Skl (A.14)
Note that -
Pn =Pj + Dk = 5" —PI- (A.15)
PP5k
With
pn = (1 = y1)Pn, (A.16)
the eikonal factor is given by
S9(j,i,n) = Smarg—2dn (A.17)
SjiSin
Integration over the unresolved phase space yields
S [ dbumes S0 1) = S (A.18)

We remark that the subtraction term of eq. (A.5) treats the partons a and b asymmetric
for the construction of the hatted momenta, with a being the spectator and b being the
emitter. A more symmetric version is given by

. ai 2papj 2paPb
A:Xoa,z,b{ i @( J O{SOSA — S(sap) — SY(s; —i—SOsa’}
s ) Sai +Sib \2Paiblj  2PaibPb 3 (5) = 85 (ab) = 85 5;3) + 85 (50g)

2
Ag°>( dés.

Sib 2popj  2papy ) 0 0 0 0
+ @( — 0 |85 (8aa) —S3(8ap) —S3(8a;) +S3(s58)| ¢ ©
Sai + Sib \2PaitPj  2PaibPa 153 (50a) =53 (san) =55 (5a5) +3(550)]

Finally we remark that the expressions of eq. (A.1) and eq. (A.5) give rise to finite terms,
which have to be taken into account. The first source of these terms is straightforward
and arises from the expansion of the functions Sg to order £°, which occur in eq. (A.1) and
eq. (A.5). The ! terms of the function X{(a,i,b) give no contribution to the finite terms,
they vanish for the same reasons as the pole terms. However the D-dimensional phase
space measure ddunres gives an additional contribution at order €. Let us consider again
the frame defined in eq. (4.39) and in eq. (A.2). In four dimensions we parametierised p;, by

Py = Ep(1,sin 0 cos ¢, sin O, sin ¢, cos ). (A.19)

0y is the polar angle and ¢ the azimuthal angle. In D-dimensions we can parameterise
py by

py = Ep(1,sin 0y cos 0, sin 6 sin O cos O3, cos b1, . . .). (A.20)
The dots indicate the components in the additional dimensions. 61, 05 and 63 are polar
angles. As in the chosen frame all other particles lie in the & — 2z plane, nothing depends
on #3 and we can integrate over f3 and all additional angles 4, ..., 0p_s. The unresolved
phase space in D-dimensions is then given by

/d¢unres,aib = M(Zlﬂ-)e ($1$2£C38m'b)6/d3$ 4 (1 — X1 — X2 — ,173)

3273

INE I
2#/%2 (sin ) %, (A.21)
I'(3—¢) )

,43,



where

Sai Sib Sab
T = a@ N To — . , r3 — a4 . (A22)
Saib Saib Saib

We would like to write this as an effective four-dimensional phase space. For an integrand
which depends on the polar angle 65 only through cos 6y we may write

m 21
2/d92 (sin 03) % f (cos By) = /dqb |sin ¢| % f (cos ¢) . (A.23)
0 0

This allows us to treat the polar angle 0 of the D-dimensional parameterisation as the
azimuthal angle ¢ of the four-dimensional parameterisation. We can therefore write the
unresolved phase space in D-dimensions effectively as a phase space in four dimensions
with additional e-dependent factors:

/d¢unres,aib = Saib (477-)8 (x1x2x35aib)_6/d3x 0 (1 — T — T2 — 563)

3273
2
P(%) : —2¢
— 20 [ ap)s . A2
F(%_6)0/ 8lsin 6 (A.20

Expansion of |sin ¢| =% to order ! gives a finite contribution when combined with the 1/
poles of &Y. The el-terms of the factors (4m)°(z12273845) ¢ and I'(1/2)/T(1/2 — €) can
be dropped, as they vanish after integration over the unresolved phase space for the same

reason as the pole terms.

B Singular limits of the five parton contribution

In this appendix limit I list the explicit forms of the non-trivial singular limits of the
five parton contributions. The double unresolved limits of daéo) have been considered
in [27, 93-98], the singular limits of the four-parton tree level antenna functions X\ have
been taken from [37]. The singular functions are denoted as follows: The single soft factor
is denoted by S;ji, where j is a soft particle between particles ¢ and k. The double soft
factor is denoted by Sj;;, in this case particles j and k are soft. The singular function for
two collinear particles ¢ and j is denoted by P;;. No distinction is made in the notation
between g — gg-, ¢ — q¢- and ¢ — qg-splittings. This can be deduced from the involved
particles. If particles ¢ and j become collinear the resulting momentum is denoted by (ij).
The singular function for the triple collinear limit is denoted by Pj;i. Finally the soft-
collinear function is denoted by SCjj(x;) with j the soft particle and k and [ the collinear

pair. We note that in the soft-collinear limit the following combinations

(SCijy — Sijk) Pra,
(SCijm1y — SCijary) Puts
(Sijht) — Siji) Prt (B.1)

are all integrable.
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In the double unresolved limit we have for the 051,2,3,4,-channel:
Double soft: 1,4, 2, soft.

)

N2
lim do’(o) =3 { [So123 + So213 + S0135324 + S0235314 + S3124 + S3214]

1
+Z [—S0124 — So214 — S0135024 — 53145024 — S0145023 — S0145324 + S0145024]

}o

) N?
lim <—da§0uble> =5 {— [—S0123 — S0213 — S3124 — S3214 — S0135023 — 53145324 + S0145024]

O dss.

L1
AN?

1,2—0 4

1 2
IN? [—50145024]} o 30)‘ dos,

C

1
+Z [So124 + So214 + So14S024] +

M mos N2
11513 <—da§l t) =5 { 1 [—S0135324 — S0235314 + S0135023 + 53145324 — S014.5024]

[50135024 + S023S014 + 93145024 + 53245014 — 25014 S024] } ‘ des. (B.2)
Soft-collinear: 1, soft, 2,4||3, collinear.
: 0 _1 Nf
1_}6“;”3 dog” = 611 [SCo1(23) Pa3 + SCoi(32) Pas + SClui(32) Paz + SCu1(23) Pas]
1
+ [—2S014 Pa3] } ‘ dos,
doubl NZ
1jé%||3 <—da30u e) =3 { 1 [—S5Ch1(23)Pos — SCi1(32) Paz — SCuy23) Pas — 5041(32)1323]}
2
5(50)‘ d¢5,
1 (1 2
lim  (—dag™t) = = 3 = (250, P O dos. B,
1_>ér,r§||3< s ) 6 {4 125014 23]} ° 95 (B.3)
Soft-collinear: 1, soft, 34|44 collinear.
: (0 1[N
1£6{%\\4d05 =5 {T [So12P34 4 SCo1(34) P34

2
AP dgs,

1 1
+ [—So012Ps4 — SC1(30)P3s — SCoy43) Pa] + W5001(43)P34} o

N2
: double
1&){%\\4 (—da3 ) =3 { 1 [—SCo1(34yPsa — SCo1(43) Pas + SCoy a3y P34l

0)|2
[~SCoran Pu] | o |4 o

1 1
+1 [SCo1(34)Pss + SCo(a3) Psa] + N2

N2
. almost | __
10 (‘dO‘B > "6 { 1 [7S012Psa + S21(34) Poa = Sor(3a) P

1 2
+ [So12 P34 + S21(34) P34 — So1(34) Ps4) } o 30)‘ dos. (B.4)
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Triple collinear: Ogl|14]|2,.

2
. o N 1 1 0)|2
Ollllﬁ\g dos” = 6 { 1 [Poi2 + Poa1] + 1 [—Poiz — Po21 — Foia] + -5 IN? [Pota) ¢ © ‘ dos,
lim <—d04d°uble) = N [—Po12 — Po21] + 1 [Po12 + Po21 + Fyia)
I 3 6 4 4 012
1
+4—NCQ[ 012} ‘-’43 ‘ dos,
lim <—da§1m05t) = integrable. (B.5)
0l[1][2
Triple collinear: 14||24]|3,.
: 1 [ N? 2
11||1§‘f‘13 dUéO) =3 {Tc [Pi23 + Pi32 + Poi13 + Pazy + Pia + P321]} o -A;(J,O)‘ dgs,
]V2 2
lim (—dag"“ble) = [—Pia3 — Pi32 — Pai3 — Pa3i — P31 — P321]} o 30)‘ dos,
1]]2]|3 6| 4
lim (—da§1m05t> = integrable. (B.6)
1{|2[13
Two collinear pairs: Og||1, and 2,4||3,.
. N2 1 2
lim do’éo) = [Po1 P23 + Po1 Ps2] + — [—Po1 P23 — Po1 Ps2] ¢ o 0)‘ dos,
0/1, 2|3 61 4 4
N2 012
lim (~d double): Py Pos = PnPaa] {0 | A" | do,
o2 (—dos A [—Po1 Pog — Po1 P32 3| dos
lim <—daalm05t> _ l[PO1P23 + Po1Ps2] ¢ o 0)‘2d¢5- (B.7)
0ll, 2/[3 3 614 3
Two collinear pairs: Og/|1, and 34||44.
]\72 1 0) 2
lim dol® = 1 Py, P —Py1 Py3 — PioPsy] + —— Py, P (‘d,
0\\11%”4 o A [Po1Psa] + 4[ 01 P13 — ProPsa] + 4N2 01 P34 3 ¢
N? 1 1 0)|2
I (-ddouble>:— Po1Paa] + = [2Py, P PoL P ‘d ,
o, (s 5 —< [Por 34]+4[ 01 34]+4N2[ 01 34] ¢ 0 ?s5
N2 02
I <—d almost) - 2Py P )( debs. B.8
ol (—des 6\ 1 [2PouPsd] oo A7) dos (B.8)

In the single unresolved limit we have for the 051424344,-channel:
Soft: 14 soft.

N2
< double) _ G { 1 [ (D3(072,3) + D3(0 3 2)) (5012 + So13 + 5213)
(D (4 3, 2 —|— D3(4, 2, 3)) (5214 + S314 + 5213) + (AO(O, 2, 4) + Ag(o, 3, 4)) 5014]
1
4

+ [Ag(() 2 4) (5012 + 5214) + AO(O 3 4) (5013 + 5314) (Ag((), 2, 4) + Ag(o, 3, 4)) 5014]

+

[— (A5(0,2,4) + A3(0,3,4)) Soud] }

AN?2 ‘ d¢5,
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; . 1 (N?
}IL% dagerated’rele ant G {Tc [(Dg(o, 2,3) + Dg(4, 3, 2)) (So12 + S213 + S314)

+(D5(0,3,2) + D3(4,2,3)) (Sors + So13 + Sa14)]

1
+Z - (Ag(O, 2,4) + A3(0,3, 4)) (So12 + So13 + S214 + S314)
B (Dg(()? 27 3) + Dg(()? 37 2) + Dg(47 3 2) + Dg(47 27 3) - Ag(oa 27 4) - Ag(()? 37 4)) 5014]

1
‘ d¢5,

+4N2

[(A3(0,2,4) + A%(0,3,4)) Soi4] }

lim < daalmost) { — [D5(0,2,3) (So13 — S314 + So14 + S55133 — Sz314 — S5314)

So12 — Sa14 + Sors + Sgz155 — S04 — Sga14)

Sa14 — So12 + So1a + Sz3155 — S5 — Soiz)

S314 — Soz + So14 + 533,55 — S133 — 50115)
—S013 — 5314 — So14 — Sgzy35 + gz + S§Z13)
—So12 — S214 — So1a — Sgz135 + gz + 55212)]

0

3

0

3

[(D§(0,2,3) + D$(0,3,2) + D(4,2,3) + D§(4,3,2)) Sora
0

3

0

3

E

wo

o~

0o

w

N~—
AA/\/\/\

0,2,4) (_5014 - 5651215 + 56513 + 55213)

(
2
+43(0,3,4) (_5014 — Sgnas T S + 5’3212)] } © A:(J,O)‘ dgs,

. © N2 1
fig (—da™) = 5 { 13 [D500,2:3) (So1s = S314 = Sora = Sgz135 + Sgaa + Sgana)

—i—Dg(O, 3,2) (5012 — S214 — So1a — Sggy35 + S0 + 50314)
+D3(4,3,2) (S214 — Sor2 — Sora — Sz3115 + So133 + So173)
+D3(4,2,3) (S314 — So1s — Soua — Sgz133 + Souzs + Soum)
+Ag(0 2,4) (5013 + S314 — So14 + 502142 0213 2413)
+A8(O, 3,4) (5012 + S214 — So1a + Sgg173 — Sg512 — 3412)]
*& [A5(0,2,4) (So13 + S314 — Sors + Sg3135 — Si313 — S113)

2
+A5(0,3,4) (So12 + S214 — So1a + S5 — Si12 — Sz112)] } © [ A3 )‘ dos. (B.9)

Collinear: 0Og||1,.

1 (N2
lolﬁrf (_dagouble> = {Tc [(—2D§(01,2,3) — 2D§(01,3,2) + A3(01,2,4) + A3(01,3,4)) Po1]

1
+5 2 (A9(01,2,4) + A§(01,3,4)) P

‘ dos,
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- 1 (N2
loiﬁrf dalterstedrelevant _ . {T [(D§(01,2,3) + D§(01,3,2) + D3(4,3,2) + D§(4,2,3)) Po]

1
+7 [— (D§(01,2,3) + D3(01,3,2) + D3(4,3,2) + D3(4,2,3) + A3(01,2,4)

0 0 0 ©0)]?
+A3(01,3,4)) Po] + [(A3(01,2,4) + A3(01,3,4)) Pm]} o | Ay ‘ dos,

4N2

1 [ N?
loiﬁrf (_daglmost> == {T [(=D§(4,3,2) — D§(4,2,3) + D(01,2,3) + D3(01,3,2)

1

2
+D?O>(47 37 2) _Ag(017274) _Ag(017374)) POl]} © 0)‘ d¢57
10iﬁr11 ( daSOft> = integrable. (B.10)

Collinear: 14]|2,.

, 1 (N?
lin (_dagwble) = {Tc [2(=D3(0,12,3) — D3(0,3,12) — D3(4,12,3) — D5(4,3,12)) Pr2]

+i [245(0, 12,4)P12]} o

0)‘261@55,

. N2
lim do/feratedrelevant G { 2 (DY(0,12,3) + D(0,3,12) + DY(4,3,12) + DY(4,12,3)) Pis]

1/2 4
L 0 0 0)|?
4 (22 (4500,12,4) + 45(0,3,4)) Pio] 0 ( des,
11 2
: almost | _ 0 0)
lfﬁg (—da?, t) =% {Z [2A3(0,3,4)P12]} o |Aj3 ‘ dos,
lfﬁg (—da%Oft> = integrable. (B.11)

In the double unresolved limit we have for the 0314243,/4,-channel:

Soft-collinear: 2, soft, 14|34 collinear.

. 1 Nf—1 N,
lim doéo) = (— + =L ) {T (5Coa(31) P13 + SCaz(13)Pi3)

20, 1]|3 4 2
1
I (—So24 P13 — 2SC(31) P13 + 25Cq(13) Prs — 25C5(13) P13 + 25042(31)P13)}
(0)
AP dss,
1 Nfg—1 N,
: double | __ f
2—}%{%3 <—d043 ) = <Z t =5 ){ 1 < (=SChai1) P13 — SCy13) Pr3) } ‘ dos,
1 Nf—-1 N.1
li —d almost . f Pia — P Pia — P
2_}3)17%'3( aj ) <4 + 5 ) { 11 (So21 P13 — So23 P13 + Saa3 P13 — Si21 Pi3)
2
N (So024 P13 — 28021 P13 + 25023 P13 — 25324 P13 + 25124P13)} o «4:(50)‘ des. (B.12)
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Triple collinear: 15||24|[34 .

1 Ne—1 N, 1 2
1 o _ (2 2N~ ep P P (0)‘
1||1§\13d05 <4 +—5 > { 1 (Po13 + Pa31) + A (— 123)} 3 | dos,

1 Ny—1 N, 0) |2
li (_d double) —_ (= f R ») — P — P/ )‘ d
1||1§]‘r‘13 o3 1 + 5 1 (—Pa31 b13) + 4N 123 ( © 5
lim (—daalmost> — 0. B.13
112/]3 ’ (B49)

Triple collinear: 0g||1g|3,
N. (1 Nf—1 1 1 Np—1
lim d (0) _J_<c(Z f P / —F
MHERE {4 1t s+ 3t T ) (Fhws)
1 1 1
+t1 (‘5135?3) + = IN? < P013>}° 3 )‘ dos,

N, /1 N;—1 1 /1 Ny—1
li (_d double) )= f .y - f P
TR RS R Vi A DAyl i 013

1/1 . 1 NE
o (3) s () o o
lim (—daalmost> —0. B.14
olf1]3 s (B.14)

Two collinear pairs: 0g/|2, and 14||3,.

. 1 Nrp—1 N, 1 2
Olllgnllugdaéo) = (Z + fT> {I (Po2P13) N (—P02P13)} o 0)‘ dos,
, bl N, (1 N;—1 2
o (_do‘g ! ) - {T (Z * f2 > (_Pwpl?’)} ° 30)‘ dos,
1 Nf-—1 1
li (_ almost) I f PP )‘ B.1
0||21,HllH3 das 4+ 2 AN, (Po2P13) dos. (B.15)

In the single unresolved limit we have for the 0515243, 44-channel:

Soft: 2, soft.

N.[/1 N;—1

g (et = {7 [ (1 3 (C20580.1.9) + £806.4.0) s
—2(E3(1,0,4) + E§(4,3,1)) S124)
1
4

+= (=2 (E9(0,1,4) + E$(4,3,0)) Spoa — 2 (E$(1,0,3) + £5(3,4,1)) 5123):|

1 1 Np—1
o | (G5 ) (B310.1.3) + BS(4,3,1)) S+ (B3(1.0.4) + ES(3.4,0)) Si)

2
AP\ dgs,

+i ((E??(()? 174) + Eg(3747 1)) S124 + (E??(LO’ 3) + Eg(47 370)) 5023)] } S

,49,



iterated

%I_,D% 03 33 9q' 77/ ¢’ a—ga =

N.[/1 N;—1
{T [(Z + f2 ) (E5(0,1,3) + E9(4,3,1) + £9(1,0,4) + E5(3,4,0)) (S124 + So23)

1
7 (E9(1,0.3) + E§(4,3,0) + E§(0.1,4) + E(3,4.1)) (s + 5123>]

1 1 Nfp—-1
-+ i (_Eg(0a1,3) _Eg(4’3a 1) o E§(1a0,4) _Eg(3’4a 0))
4N. |\ 4 2

(28023 + 25124 — 25021 — 25324 + So24 + S123)
1
+Z (_Eg(la 0, 3) - E??(4’ 3, 0) o Eg(oa L, 4) - Eg(?) 4, 1))

(28024 + 25123 — 25021 — 25324 + So23 + S124)]} ‘ dgs,
. almost almost _
%H% ( dos 47'99'4—a999—q99 dag 4799 4—a7' ¢ qﬂng> -

N.1 1 N;—
{ 13 KZ + f2 > [Eg(O, 1,3) (5023 —257124 + So24 + S324 + Sg1937 — S 4057 —Sﬁ%)

+E9(1,0,4) (S124 — 2023 + S123 + S324 + S35 — S005 — Sio23)
+E3(4,3,1) (S124 — 25023 + So24 + So21 + Stzy15 — Soars — Soats)
+E9(3,4,0) (So23 — 25124 + S123 + S021 + S3157 — S1957 — S1057) ]
—|—% [E9(0,1,4) (So24 — 25123 + So2s + S324 + Sgiaq7 — Sa971 — Sii23)
+E(1,0,3) (S123 — 25024 + S124 + S324 + S35 — S35 — Sivon)
+E3(3,4,1) (S123 — 25004 + Sooz + So21 + Szpors — Soais — Sosa)
30, 4,3,0) (5024 — 25123 + S124 + So021 + Sgro53 — S1903 — 243)”

1 1 Nf—1
- Kz* L) (900,19 + B4,3.1)) S + (BR(1.0.4) + EY(3,1.0)) Sy

+2 ( 0 1, 3 + E3(4 3, 1) + E3(1 0, 4) + E3(3 4 0)) (5023 + S124 — So21 — 5324)]

+- [(E5(0,1,4) + ES(3,4,1)) So2s + (E$(1,0,3) + E5(4,3,0)) S124
+2 (E9(1,0,3) + ES(4,3,0) + E(0,1,4) + E3(3,4,1)) (Soos + S123 — Soz1 — Sz24)]] }

AP dss,

I

(e]

2—0 4 2 4 2
+8 1057 + Sgi04) + E9(1,0,4) (S124 — S123 — S324 — Si5075 + Sa975 + Siinz)
+E5(4,3,1) (S124 — So2a — So21 — S5915 + Soo1s + Soo33)
+E3(3,4,0) (So2s — S123 — So21 — Sgi057 + S1067 + S1057) ]
4& [E3(0,1,4) (So24 — So23 — S324 — Si7971 + Ss917 + Si723)
+E3(1,0,3) (S123 — S124 — S324 — Sti35 + S4055 T+ i)
+E?0,(37 4,1) (5123 — So23 — S021 — S31o11 + Soa11 T 502’32)

+E5(4,3,0) (So24 — S124 — So21 — Sz053 + S0z + S1am)] } ©

: N1 ({1 Ny—1
hm (—da%?%/gq/q) — —c— { <_ "‘ f > [Eg((), 1, 3) (5023 - 5024 - 5324 - 56‘1’2§I

2
,4;0>\ des. (B.16)
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Collinear: 1g||3,.
In this case we have

single - iterated _
0,57 9¢'4—a7 d'q 3.00'99' —37 ¢ g—adgq = integrable,
soft .
das’w 0qrq = integrable. (B.17)

The non-trivial limits are:

1 Nyp—1\ (N,
111% (—dagfgg‘?;eq,q) = <Z + f2 ) {T (-=D3(0,13,2) — D$(0,2,13) — D§(4,13,2)

2
Ag]) ‘ d¢5,

1
—D§(4,2,13)) P13 + ——A3(0,13,4)Py3 ¢ o
AN,

. 1 Ny—1\ [N,
lllﬁg Aoyt o aadoq = (Z + f2 ) {Tc (D§(0,13,2) + DY(0,2,13) + D3(4,13,2)

1
+D?O>(47 27 13)) P13 + — (_Ag(()? 1374) - Ag(()? 274)) P13} ©

)%
AN, Az ‘ dos,

1 Ne—1 1
lim (—daah}l‘?St, e — dadmest ) = (— + ) ——4%(0,2,4)Py3
113 3,49’ 99'a—a999—a9q 3,494'99'q—ad'a'a—a9q 4 2 4N, 3( )

@)

AP dss. (B.18)

Collinear: 14||24.

single _ iterated _
4,44'99'a—a999 da&fﬁ/gq’qﬂfiggqﬂégq = integrable,
soft .
doysm g0 = integrable. (B.19)

: Ne[(1 Ny-1
lim (—dag%‘(}%’;/q_ﬁq/q,q_@go = {T [(Z + =L 5 > (—2E9(12,0,4) — 2E9(4,3,12)) Pr
1

1 1 Ny—1
~(=2E%12,0,3) — 2E%(3.4,12)) P - / EY0,12,3
+4( 3( 77) 3(77 )) 12]+4Nc|:<4+ 9 (3(7 7)
0 J—y 0 02
+E9(4,3,12)) Po + 7 (ES(0,12,4) + B§(3,4,12)) P | { o | A§ ‘ dgs,
. iterated o
111\?21 dagg;;qw*@i’q/qﬁ@q -
N.[/1 N;—1
{f KZ + f2 > (E9(0,12,3) + E9(4,3,12) + E§(12,0,4) + E£5(3,4,0)) Pi

1
+7 (E9(12,0,3) + E9(4,3,0) + E(0,12,4) + E5(3,4,12)) PH}

1 1 Nf—1
+ KZ“L f2 )(—E§(0,12,3)—E§(4,3,12)—E§(12,0,4)—E§(3,4,0)) Py
C

1
L (CB12,0,3) - B9(4,3,0) — E(0,12,4) — EY(3,4,12)) PH] } .

2
0
4 AZ(S)‘ d¢5,
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lim _daalrgost B o daalrﬂost . - _ & l i Nf -1
1][2 3,49’ 99’ —7999— 3494 3,49'99'q—aq'qd'a—aq94 4 4 9
E

(

_l’_

?0)(127 074) - E?O)(3747O) - Eg(oa 127 3) + Eg(4737 12)) P12

(E§<12, 0,3) — E5(4,3,0) — E5(0,12,4) + F5(3,4,12)) Pm}

|5

+- (ES(12,0,3) + E3(4,3,0)) PHHO

1
4

> (E9(12,0,4) + E9(3,4,0)) Pra

o (2 dos. (B.20)
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